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1. Introduction 

Our goal in this paper is to study the local structure of immersed, possibly branched, stable 
minimal hypersurfaces of the (n + l)-dimensional Euclidean space for arbitrary n > 2. Assuming 
the singular set of such a hypersurface has locally finite (n — 2)-dimensional Hausdorff measure, 
we here develop a regularity theory that is applicable near those points of the hypersurface where 
the volume density is less than 3. Our definition of the singular set is such that it consists only of 
"genuine" singularities, which include possible branch points. Thus, the points of self-intersection, 
where the hypersurface is immersed, are considered regular. (See Section 2 for the precise definition 
of the singular set.) 

In particular, we obtain a description of the asymptotic behavior of the hypersurface near any 
of its multiplicity 2 branch points, i.e., the asymptotic behavior of the hypersurface near any point 
at which the hypersurface has a multiplicity 2 hyperplane as one of its tangent cones while it fails 
to decompose as the union of two regular minimal submanifolds in any neighborhood of the point. 
Our main regularity result is the following: 



Theorem 1.1. For each 6 £ (0,1), there exists a number e E (0,1), depending only on n and 6, 
such that the following is true. If M is an orientable immersed stable minimal hypersurface of 
5^+^(0), with H"-2(singAf) < cx), G M, ^^J^ < 3 - 6 and /Mn(Bi(o)xR) k^'+T < e> then 
Ml n {Bi/2{0) X R) = graph n where Mi is the connected component of M H (i?i(0) x R) containing 
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the origin, u is either a single valued or a 2-valued C^'" function on -61/2(0) satisfying 

( \ ^^'^ 

ll^llci-(Bv2(0))<C / ■ 
^ " V-^Mn(Bi(0)xR) / 

Here the constants C and a G (0, 1) depend only on n and S. 

See Section 2 for the definition of the C^'° "norm" of u when u is a 2-valued function. 

This theorem in particular says that if an n-dimensional stable minimal hypersurface with a 
singular set of locally finite {n — 2)-dimensional Hausdorff measure has a multiplicity 2 plane as one 
of its tangent cones at some point, then it is the unique tangent cone to the hypersurface at that 
point. The theorem rules out for example the possibility of having a sequence of "necks" connecting 
two sheets and accumulating at a branch point. 

A direct consequence of the above theorem is the following decomposition theorem in case 
(singM) = 0. 

Theorem 1.2. For each S G (0,1), there exists a number e G (0,1), depending only on n and 
5, such that the following is true. If M is an orientable immersed stable minimal hypersurface 
of B^+\0) with Ti'^'^singM) = 0, G M, < 3 - S and /Mn(Si(o)xR) < e, then 

either Mi n (i?i/2(0) x R) = graph or Mi n (i?i/2(0) x R) = graph U graph where Mi is 
the connected component of M f\ (.Bi(O) x R) containing the origin, : ^1/2(0) — ^ R are C^'" 
functions satisfying 

^ " \JMn(Bi(0)xR) J 

for i = 0, 1, 2. Here the constants C and a G (0, 1) depend only on n and S. 

Theorem 1.2 implies that if is a varifold arising as the weak limit of a sequence of stable 
minimal hypersurfaces having singular sets of (n — 2)-dimensional Hausdorff measure zero, then 
near every point where V has a tangent cone equal to the multiplicity 2 varifold associated with 
a hyperplanc, the support of V decomposes as the union of two minimal graphs. In particular, 
classical branching (of multiplicity 2) cannot occur in the weak limit of a sequence of smooth, stable 
minimal hypersurfaces. 

Based on Theorem 1.2 and the standard dimension reducing principle of Federer, we obtained 
the following compactness result: 

Theorem 1.3. Let 6 G (0,1). There exists a = a{n,S) G (0,1/2) such that the following is true. 

Suppose Mk is a sequence of orientable stable minimal hypersurface immersed in Bl^'^^if)) with 
G Mfc, H"-2(singMfc n 5"+H0)) = for each k a.nd limsup^^^ < 3 - 5. Then there 

exists a stationary varifold V of B^^^ijS) and a closed subset S o/spt ni?^"'"^(0) with S = ^ if 
2 < n < 6, 5 finite if n = 7 and 'H^~'^'^'^ {S) = for every j > if n> 8 such that after passing to 
a subsequence, which we again denote {k}, Mj. -^V as varifolds and (spt ||F|| \ S)r\ 5"+^(0) is an 
orientable immersed, smooth, stable minimal hypersurface of B'^'^^ (0) . 
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In low dimensions, the "smallness of excess" hypothesis of Theorem 1.1 can be dropped provided 
we assume that the mass ratio is sufficiently close to 2. Precisely, we have the following: 



Theorem 1.4. There exist fixed constants e G (0,1), a G (0,1), C G (0, oo) and a G (0,1) such 
that the following holds. If 2 < n < 6, M is an orientahle immersed stable minimal hypersurface of 
5^+^(0) with (singM) < oo, G M and < 2 + e, then for some orthogonal rotation q 

o/R""^^, either qMi n (-B(t(0) x R) = graphs where u is either a single valued or a 2-valued C^'" 
function on -Bo-(O) with 

\ 1/2 



\x 

Mn(Bi(0)xR) 



or there exists a pair of transversely intersecting affine hyperplanes p(i),p(2) such that 

qMi n (-B^(O) X R) = graph (p(i) +'u(^)) U graph (p^^) + n^^)), where P(^) = graphp^^), P^^) = 
graph pii) . Rn ^ |Q| ^ ^{{) g (ji,a ^p{i) p (^^(q) x R);R) with 

||tiW||ci,«(p(i)n(B<,(o)xR)) ^ <^ / dist^ (x,P) 

\JMn(Bi(0)xR) / 

/or i = 1,2. ii'ere Mi denotes the connected component of M Ci (-Bi(O) x R) containing the origin. 



Finally, we mention the following decomposition theorem for the singular set of a branched stable 
minimal hypersurface of the type considered in this paper. 



Theorem 1.5. There exist e = e(n) G (0, 1) a,nd a = (j{n) G (0, 1) such that the following holds. If 
V belongs to the varifold closure of orientahle immersed stable minimal hypersurfaces M of B2~^^ (0) 
with G M, 7i'"-2 (singM) < oo and ^Jjjlf^ < 2 + e then 

singF nS^+^(0) = BUS 

where 



(a) B is the set of branch points of V in B^~^^{0); thus B consists of those points of singF fl 
i?"+^(0) where V has a (unique) multiplicity 2 tangent plane. Either B = $ or Ti^''^ {B) > 
0. 



(b) S is a relatively closed subset o/spt ||y|| n B^+^{0) with S H B = S = iDif2<n<6, S 
a finite set if n = 7 and (S) = for each 7 > i/ n > 8. 



The proofs of the above theorems will appear in Sections 7 and 8 of the paper. Other conse- 
quences of Theorems 1.2 and 1.3, which include a pointwisc curvature estimate and a Bernstein 
type theorem in dimensions < 6, will appear in Section 9. 

In case the mass bound is 2 — 5 (instead of 3 — 5) for some 6 G (0, 1), Theorem 1.1 (with the 
conclusion that MCi (i?i/2(0) x R) is the graph of a single valued function) follows from (otherwise 
much more general) interior regularity theorem of W.K. Allard [A1I72], [Sim83]. In case the stable 
hypersurface is embedded, the theorem (under the weaker hypothesis of arbitrary mass bound and 
with the stronger conclusion as in Theorem 1.2 with a finite number of functions ui < U2 < . . . < 
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in place of ui,U2, with k bounded in terms of the mass bound) is due to R. Schoen and L. Simon 
[SS81]. Schoen-Simon theorem in fact plays an essential role in the present work. 

The main ingredient in the proof of Theorem 1.1 is a height excess decay lemma (Lemma 6.3), 
where we show that under the hypotheses of the theorem, the height excess of the hypersurface 
M at a smaller scale, measured relative to a suitable new pair of hyperplanes (a transverse pair 
of hyperplanes or a multiplicity 2 hyperplane) improves by a fixed factor. The theorem follows 
by iteratively applying the lemma. At a key stage of the proof of the excess decay lemma, we 
use a type of harmonic approximation, where we show that whenever the L^-height excess of the 
hypersurface relative to a hyperplane is small in a cylinder, the hypersurface in a smaller cylinder is 
well approximated by the graph of a certain type of "2-valued harmonic" function. F. J. Almgren 
Jr. [Alm83] used a somewhat different class of multi-valued harmonic functions in his work on 
area minimizing currents of arbitrary dimension and codimension, where harmonic meant Dirichlet 
energy minimizing. We are working with the weaker assumption of stability, so our two-valued 
harmonic functions do not satisfy this minimizing property. However, the codimension 1 setting 
we are working in gives them a lot more structure, and we are able to obtain (in Theorem 5.1) 
sufficiently detailed, geometric information about them. 

A feature of our excess decay lemma perhaps worth pointing out here is that it gives, at every 
scale, decay of the excess of the stable minimal hypersurface at one of three possible, fixed smaller 
scales. The reason why excess improvement is exhibited at one of several possible scales in contrast 
to the more familiar scenario where the improvement is always seen at a single fixed, smaller scale 
is partly geometric and partly technical. The geometric part of the explanation is that the way 
an immersed hypersurface satisfying the hypotheses of the theorem (in particular, the mass bound 
3 — 5 which guarantees that it is "two sheeted") looks as one goes down in scale (fixing a base 
point) may vary between different possibilities; namely, at any given scale, it may either look like 
a pair of distinct, more or less parallel planes (i.e. the hypersurface is embedded) or it may look 
like a pair of transversely intersecting planes (i.e. the hypersurface is embedded away from a small 
tubular neighborhood around the axis of a transverse pair of hyperplanes) or it may have many 
self-intersections distributed more or less evenly. Different techniques for these different cases are 
employed in obtaining excess improvement. The technical part of the reason for the three scales 
is not having at our disposal, a priori, a single decay estimate, valid uniformly at all points of the 
domain away from the boundary and for all scales less than a fixed scale, for the aforementioned 
approximating 2-valued harmonic functions (which arise as blow-ups of sequences of hypersurfaces 
satisfying the hypotheses of the theorem and converging to multiplicity 2 hyperplanes). Rather, 
what we obtain (in Theorem 5.1) is an asymptotic description which gives two alternatives depend- 
ing on whether the blow-up itself has a non-empty interior branch set or not. The presence of two 
such alternatives for the asjnnptotics of this "linear problem" means that, at the stage where knowl- 
edge of the asymptotics of the linear problem becomes necessary (which is precisely when we are 
confronted with the picture where the minimal hypersurface has many self-intersections distributed 
approximately evenly), the excess improvement we get for the hypersurface is, correspondingly, at 
one of two different smaller scales. 

We use methods and results due to L. Simon [Sim93]; R. Hardt and L. Simon [HS79]; R. Schoen 
and L. Simon [SS81]; F. J. Almgren Jr. [Alm83] and the author [Wic04a] at a number of crucial 
points in the present work. The present work in fact should be viewed as a generalization of the 
results of [Wic04a]. To prove that a stable minimal hypersurface, when it is weakly close to a multi- 
plicity 2 hyperplane, is well approximated by the graph of a 2-valued harmonic function of the type 
aforementioned, we utilize a blow-up argument where we blow up sequences of hypersurfaces off 
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affine hyperplanes. This blow up procedure is based on the approximate graphical decomposition of 
the hypersurfaces as in [SS81], and is carried out as described in [Wic04a], after making modifica- 
tions to and replacement of some of the arguments of [Wic04a] . The main difference in the present 
context, as far as this blowing up step is concerned, is that wc here allow the hypersurfaces to be 
singular unlike in [Wic04a] where they were assumed to be smooth. Consequently, in particular, 
we here need a different argument to establish continuity of the blow-ups. (See Proposition 3.10.) 

A major part of this paper is devoted to analyzing the nature of these 2-valued approximating 
functions. Theorem 5.1 is the key result in this respect, where we establish crucial decay estimates 
for the two-valued harmonic functions. Our approach in analyzing these functions has been to tisc 
geometric arguments, aimed at proving excess decay estimates for the graphs of the functions. To 
investigate the local regularity properties of these functions at points where their graphs blow up 
to transversely intersecting pairs of hyperplanes, and also to prove global decay estimates when the 
base point is a branch point of the function, we use variants of powerful techniques developed by 
Simon [Sim93] and Hardt and Simon [HS79]. In particular, a crucial ingredient is an estimate for 
the radial derivatives of the blow-up (Lemma 3.8) due to Hardt and Simon [HS79]. 

An important technical tool used in the analysis of the 2-valued harmonic functions is the mono- 
tonicity of a frequency function, an idea used first in a geometric setting by F. J. Almgren Jr. 
[Alm83] . We here make use of the frequency function directly associated with the two- valued func- 
tion as well as the one associated with the single valued function obtained by taking the difference 
between the two values of the two-valued function. Either frequency function, for any given center 
point, is monotonically non-decreasing as a function of the radius. Thus, in particular, we may 
classify the points of the domain of the two-valued function according to the values assumed by 
the limit of the frequency function associated with the difference function. In a classical setting, 
e.g. if the function were single valued and harmonic, this limit is equal to the vanishing order of 
the function at the point in question. In our setting, it conveys analogous information, which may 
be regarded as the order of contact between the "two sheets" of the graph of the 2-valued function, 
(although admittedly at a branch point one does not have a useful notion of two sheets) and it re- 
veals the local geometric picture of the graph; i.e. whether the graph locally consists of two disjoint 
harmonic disks, or of two self intersecting harmonic disks or whether it is branched. Furthermore, 
the rate of decay of the graph of the two valued function to its (unique) multiplicity 2 tangent 
plane at a branch point has a fixed lower bound independent of the function. Said differently, there 
exists a fixed frequency gap, depending only on n and 5 ( (5 as in Theorem 1.1), implying that the 
order of contact at a branch point cannot be arbitrarily close to 1. 

The existence of a rather rich class of stable branched minimal immersions of the type studied 
in this paper has recently been established in [SW]. 

I am very grateful to Leon Simon for several helpful discussions related to this work. I also thank 
David Jerison, Fanghua Lin and Gang Tian for conversations from which I have benefited. 



2. Notation and preliminaries 
We shall adopt the following notation, conventions and definitions throughout the paper. 
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R'*"'"^ denotes the (n+l)-dimensional Euchdean space and {x^, . . . ,x'^~^^) denotes a general point 
in R"+i. 

Bp~^^{X) denotes the open ball in R"+^ with radius p and center X. For X G R" x {0}, we let 
Bp{X) = B^+\X) n (R" X {0}). 

cjn denotes the volume of a ball in R'* with radius 1. 

For compact sets S, T C. R""*"^, d-^(S', T) denotes the Hausdorff distance between S and T. 

H'" {S) denotes the n-dimensional Hausdorff measure of the set S. 

For Y e R"+^ and p>0,rjY,p : R''^^ ^ R"+^ is the map defined by r/y,p (X) = 

The letter M will always denote an immersed, smooth hypersurface of B2^^(0). Thus M is a 
subset of B2~^^{0) such that for each X G M, there exists a number a > such that MriB^~^^{X) is 
the union of a finite number of, possibly intersecting, smooth, connected, embedded n-dimensional 
submanifolds with no boundary in B^'^^{x). 

Let M be a smooth hypersurface of i?2^^(0) with (M) < oo. M said to be minimal (or 
stationary) if it has zero first variation of volume with respect to deformations by arbitrary 
vector fields of the ambient space R""*"^ having compact support in B2~^^{0). Minimality of M is 
equivalent to the condition that 

(2.1) / divM$tiW = 

for every vector field $ = ($^, cl>^, . . . , $"'+^) : B2^^{0) — s- R"+^ with compact support in 
-62^^(0). (See [Sim83], Chapter 2.) Here div^ ^ is the tangential divergence of <I> with respect to 
M. Thus, div$ = Yl^=i ' where denotes the gradient operator on M and {ej}^^l is 

the standard basis of R""*"^. 

A minimal hypersurface M of B2~^^{0) is stable if it has non-negative second variation of volume 
with respect to deformations as above. Stability of M is equivalent to the statement that ([Sim83], 
Chapter 2) 

(2.2) / \A\^e< [ |VCP 

JM Jm 

for every function ( with compact support in M. Here A denotes the second fundamental form 
of M and |^| its length. 

For a smooth hypersurface M of B2~^^{0), we say a point X G MnB2~^^{0) is (an interior) regular 
point of M if there exists a number a > such that M n ^B^^ {X) is the union of finitely many 
smooth, compact, connected, embedded submanifolds with boundary contained in d B'^^^^{X). We 
shall redefine M so that if X G M is a regular point of M, then X e M. The (interior) singular set 
of M is then defined by 

sing M =(M\M)n 5^+^ (0) . 
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Xft denotes the family of stable minimal hypersurfaces M of i?2^^(0) satisfying 7^"~^(singM) < 
oo. (The subscript b in If, indicates that the members M of If, are allowed to carry branch point 
singularities; i.e. points Z G singM such that a hyperplane (with multiplicity > 1) occurs as a 
tangent cone to (the varifold associated with) M at Z.) 

For a stationary, rectifiable n-varifold V of some open subset U of R"+^ and a point X e U, 

Q {\\V\\, X) denotes the n-dimcnsional density at X of the weight measure ||y|| onU associated with 
V. We refer the reader to [Sim83], Chapters 4 and 8 for an exposition of the theory of rectifiable 
varifolds. 

For a Radon measure n on U, spt n denotes the support of /x. 

If L is an afHne hyperplane of R""^-*^, ttl ■ R""^^ — L denotes the orthogonal projection of R"+^ 
onto L. We shall abbreviate 7rRnx{o} as tt. 

Unless stated otherwise, all constants c, C depend only on n and S, where S is as in Theorems 1.1- 
1.3. 

A pair of affine hyperplanes means the union of two not necessarily distinct affine hyperplanes of 
j^n+i neither of which is perpendicular to R" x {0}. If P = Pi U P2 is a pair of afHne hyperplanes, 

with Pi,P2 affine hyperplanes, we use the notation p"*" = max{/i,^2} and p~ = min{/i,/2} where, 
for i = 1,2, li : R" x {0} R is the afhne function with graph /j = Pj, and we set P+ = graph p"*" 
and P^ = graphp^. For such a pair of affine hyperplanes P, ZP denotes the angle 9 G [0, vr) 
between Pi and P2 given by cos 9 = ui- V2 where, for i = 1, 2, f j = -^^=^=. 

By a pair of hyperplanes we mean a pair of affine hyperplanes P = Pi U P2 where Pi and P2 are 
hyperplanes (so that G Pi n P2). 

We now briefly explain the basic facts about 2-valued functions needed in this paper. For a 
detailed treatment of multi- valued functions, we refer the reader to [AlmSS]. 

Let k be an integer > 1. (A; = 1 and k = n are the only cases needed in this paper.) Denote by 
T(R'^) the set of unordered pairs of elements of R*^. Define a metric Q on T(R*^) by 



Gi{vi,V2}, {wi,W2}) = mm{^y\vi - Wi\'^ + \V2 - W2p, \/|fi - tf2p + \V2 - 

If u : Pi(0) T(R'^), we say uisa 2-valued function on Pi(0) with values in T(R''). A 2-valued 
function u : Pi(0) — T(R*') is continuous if it is continuous with respect to the Q metric. 

We say that a 2-valued function u : Pi(0) —>■ T(R'^) is differentiable (or affinely approximable) 
at a point a G Pi(0) if there exist two affine functions If, I2 ■ R" — R*^ such that 

u{a) = Au{a){a) and 

^.^ g{uix),Au{a)ix)) ^ ^ 
x-^a \x — a\ 

where Au{a) is the 2-valued function defined by Au{a){x) = {^1 (a^), (^)} ^'^^ all x G R"^. It follows 
that if Au{a) exists, it is unique, and that if u is differentiable at a G then it is continuous at a. 
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We say that u is differentiable in Bi (0) if u is differentiable at a for every o G i?i (0) . 
Suppose u is differentiable in -Bi(O) and a G (0, 1). We say that u is C^'"" in Bi{0), and define 

ll^^llci.<^(i?i(o)) = sup \x.-Xo\^ ' 

provided the right hand side of the above is finite. 



3. Blow-ups off affine hyperplanes 

For M e lb, p E (0,3/2] and P a pair of affine hyperplanes, define the height excess Em{p,P) 
of M relative to P at scale p by 



(3.1) Elip, P) = / dist^ (X, P). 

J Mn{Bp{0)x'R) 

In case L is a single afHne hyperplane, we write 

(3.2) Em{p,L) = Em{p,L). 

Let S G (0, 1) be a fixed number, {M^} C X(, a sequence of hypersurfaces such that 

(3.3) ZnA4n(^r^^3_^ 

(3.4) 4 = iM,(3/2,Lfc) \0 

for some sequence {L^} of affine hyperplanes of R""*"^ converging to R" x {0}. Note that by a 
standard argument using the first variation formula (2.1) (see e.g. proof of inequality (4.18) of 
[Wic04a]), we then have that for each a G (0,3/2) the estimate 

(3-5) ^^M,icr,L,)f<j^j^-^El 

where C = C(n) and, for a hypersurface M G 2^ ^'^d an affine hyperplane L, Ej^{a,L) = 
y^cT^" /Mn(s (o)xR) 1 ~ (^ • Y is the tilt excess of M relative to L at scale a. Here v and 
are the unit normals to M and L respectively. 

We need to blow up the sequence of hypersurfaces {M^} off the sequence of affine hyperplanes 
{Lfc}. This is carried out essentially as in [Wic04a]. For convenience, we choose here to blow up 
by the height excess E^ rather than by the tilt excess which was used in [Wic04a]. This is 
possible in view of (3.5). Note also that in [Wic04a], it is assumed that for each k, (i) singM^ = 
and (ii) approximates a cone having a singularity at the origin. Here we weaken hypothesis 
(i) to H"""^ (singMfc) < oo and drop the assumption (ii) altogether. The blow up argument of 
Sections 3 and 4 of [Wic04a] can however be repeated with some changes to accommodate the 
weaker hypotheses. We justify this assertion as follows: 
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(1) The conclusion of Lemma 3.2 of [Wic04a] holds without change under the present hypothe- 
ses. That is to say, for each M G lb and each bounded, locally Lipschitz function tp with 
= in a neighborhood of Mn (^53/2(0) x R), we have that for any constant unit vector 
^0, 



6) / |A|V<C/ {l-{i.-uof)\V''^\' 

JMn(B3/2(0)xR) VMn(B3/2(0)xR) 

where A denotes the second fundamental form of M, \A\ the length of A and C = C{n). 
This estimate was first proved by R. Schoen in [SR77], and later used by R. Schoen and L. 
bimon m [SS81] (Lemma 1 of [SS81]) under the hypothesis that ^-^(singM) = 0. Wc here 
use an argument of H. Federer and W. Ziemer [FZ72] (see also [EG99]) to justify our claim 
that the estimate in fact continues to hold under the weaker hypothesis 7^"~^ (sing M) < 00. 

First note that by exactly the argument of the proof of Lemma 1 of [SS81], the estimate 
(3.6) holds if if is locally Lipschitz with compact support in Mn(i?3/2(0) x R). The issue is to 
argue that it holds for bounded, locally Lipschitz ip vanishing near Mfl {d (0) x R) under 
the assumption (singM) < 00. Let r G (0, 1/4) be arbitrary. Since singMn(53/2(0) x 
R) is compact, for each i = 1, 2, . . . there exists a finite number Ni and balls B'^^^^{Zj^^), 

j = 1,.. .,N(^ with Zf e singM n (^3/2(0) x R) such that singM n (^3/2(0) x R) C 
Ufii B^^,\zf), Zfli u;n-2{rfr-^ <K = 1 + 2-27^-2 (singM n (1^3/2(0) x R)) and 

rf < rW. Here r^^) = r and rW = ^dist (singM n (^63/2(0) x R),R''+i \ J/^^-^)) for i = 
2, 3, . . ., where i/W = uj^^ 5"+^(zj*^). For each i = 1, 2, ... and each j G {1, . . . , iV(*)}, let 

i)f be a function on M such that i^f = on B'^+^{zf)nM, il^f = 1 on M\S"+^ (zf^), 

< i/jf < 1 everywhere and \Viljf\ < 2{rf)-'^. Let C^'^ = mm{ip^\ . . . ,t|J^^^^^}. Then 
spt|VC(^)| C Mn (y« \ F(^+i)) where F« = uf^l B''+l{zf^) and /^^IVC^^^P < cK, 
c = c(n). Finally, for ^ = 1, 2, . . ., let 



where S£ = J2i=i Then, since spt V i = 1, 2, . . . are disjoint, we have that 



.yMn(S3/2(0)xR) -^^ JMn(S3/2(0)xR) -^^ 

Now, if is a bounded, locally Lipschitz function vanishing in a neighborhood of M n 
(9-63/2(0) X R), then for each i, (3np is a locally Lipschitz function with compact support 
in M n (i?3/2(0) X R) and hence (3.6) holds with P^ip in place of ip. Thus 
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JMn(B3/2(0)xR) ^Mn(B3/2(0)xR) 



^Mn(B3/2(0)xR) 

Since < 1 and = 1 on Mr n (-63/2(0) x R) where Mr = M\{X : dist (X, sing M) < 
2t}, we conclude from (3.7) and (3.8) that 



/ \aW <c [ (1 - (. • .0)^) IV ^1^ + ^ E 

iM.,n(B3/2(0)xR) yMn(B3/2(0)xR) 

Letting first £ ^ 00 and then r — > in this, we conclude (3.6). 

Remark: Note that the validity of (3.6) under the hypothesis H""^ (singM) < 00, as justi- 
fied above, shows that Schoen-Simon regularity theory [SS81] for embedded stable minimal 
hypersurfaces M holds under the hypothesis 7Y"~^ (singM) < 00. 

Lemma 3.3 of [Wic04a] (which is essentially the same as Lemma 2 of [SS81]) holds and 
gives a good approximate graphical decomposition of M^ relative to the ajfine hyperplane 
L/j, provided we make the minor modification noted in item (3) below, which is necessary 
due to the presence of a singular set. Note that since — > R"" x {0}, there exists a 
sequence of rigid motions qk of R"+^ with — > identity such that qk{cLk) = {0} and 
qkLk = R" X {0}, where Ofc is the nearest point of to G R""*"-*^. Then, by essentially 
the same arguments as in [SS81], Section 3 (as detailed in [Wic04a], Section 3), for each 
given a G (0,3/2) and each sufficiently large k (depending on a), there exists a "good set" 
= ^fc(o") C Lfc n q^^ {Bfr{0) X {0}) (which corresponds to ilk of [Wic04a], Lemma 3.3), 
and two Lipschitz functions : ^ R with Lipschitz constants < 1 (analogous to 
of [Wic04a], Section 3), such that graph n^i^'^'^ U graph C Mj. n q^^{Ba{0) x R) and 



7^" {{Mk \ (graph S+i.-^'^ U graph 2-^/^^)) n ^^^'(^^(O) x R)) < C^{Ek?+'' 

where u^'' denotes the upward pointing unit normal to Lk, /x is a fixed constant depend- 
ing only on n and is a constant depending only on n and a. Here graph = 

{x + u^{x)u^'' : X G Q,k}. 

In the present paper, we shall use the notation = G^{a) = graph Qk = Qk^k 
and u^{x) =u^ o Ik^i^) for ^ ^ ^k- 

In Lemma 3.3 of [Wic04a], the definition of needs to be modified to Ffc = ttlj, {X G 
Mk n q^^ (B^O) X R) : gk{X) = Ok} U ttl, (singMfc). (cf. [SS81].) Here gk and 9k are as 
in [Wic04a], Section 3, and TTi^. is the orthogonal projection of R"+^ onto Lk- The con- 
clusions of Lemma 3.3 (with notational changes as indicated in item (2) above) hold with 
this modification and with Ek in place of Sk (where by definition = tilt ex.cess in [Wic04a]). 

We may construct cut-off functions ip^j^^ and tp^ analogous, respectively, to the cut-off 
functions tp^, ip^i^^ and of [Wic04a], Section 3. The domains of these cut-off functions 
are q^^ (B<,(0) x {0}) \ ttl, (singM^), Mk \ T^llii^L^ (singM^)) and qk\Ba{^) x {0}) \ 
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ttl^. (singMfc) respectively, and tliey take values in R. We then define V'/c • -S<t(0) ^ {0} \ 
9fc(7i"L^ singMfc) ^ R by setting ipk{x) = il^k° Qk^i^)- Note that 

(3.10) (5,(0) \ {x : i^,{x) = 1}) < C,(4)'+^ 



(See the estimate (3.26) of [Wic04a], Section 3.) 

(5) We cannot assume Lemma 3.4 of [Wic04a] in the present context because it depends on 
Mfc being free of singularities. (Specifically, the inequality (3.7) of [Wic04a] assumes that 
singMfc = 0.) Notice that in [Wic04a], Lemma 3.4 was used precisely at two places; namely, 

(a) to establish the estimate (3.28) of [Wic04a] which bounds the square of the norm 
of l-D^/'fcl from above by a constant times {E'£j^)'^^^, where t/j}^ is the cut-off function 
described in item (4) above and = //(n) > is as in Lemma 3.5 of [Wic04a], and 

(b) in the proof of the pointwise gradient estimate for the blow-up (i.e. Lemma 4.9 of 
[Wic04a]). 

The modifications necessary for (a) above are minor. In fact, it suffices to have the 
estimate 

(3.11) / |L>V^fe|2 < cEl 

c = c{a), and this weaker estimate follows easily from (3.6) and (3.5) in view of the fact that 

|Z?Vfcl is pointwise bounded from above by a constant times the length of the second fun- 
damental form of Mfe. (See [Wic04a], Section 3.) That this weaker estimate suffices follows 
from the fact that are bounded, that ^ pointwise a.e. and that Du^ ^ in L^. 

As for (6) above, we shall give an argument in Lemma 3.10 below which, under our 
present (weaker) hypotheses, in fact shows only that the blow-ups are continuous and sat- 
isfy a Lipschitz condition at points where they are single valued. This suffices for proving 
asymptotic decay estimates for the blow-ups later in Section 5. 

(6) Parts (a), (6), (/) and (g) of Lemma 4.6 of [Wic04a] hold (of course with the functions now 

having domain Ba-{0)). Thus, letting = , there exist functions G W^^^{B^/2{0)) 

— the blow-up of {Mj.} off {i^fe} — with v'^ > v~ such that, after passing to a subsequence 
of {k} which we continue to label {k}, we have 

(3.12) V^fct;^ ^ 

in W^''^{Ba{Q)) for each a < 3/2. Note that unlike in [Wic04a] (where each was assumed 
to approximate a cone arbitrarily closely), here need not be homogeneous of degree 1. 
Note also that it is easy to see that V'fc^fe' ~^ ™ -^^(-Sct(O)) and weakly in W^''^{B„{'S)) 
for each a < 3/2 since it follows directly from the definition of E}^ that uniformly 
bounded in L^(i?(j(0)), and from the estimates (3.5) and (3.11) that D{'\pf^v^) are uniformly 
bounded in L?'{Bf^{{))). The proof that the convergence is strong in l^^'^(i?o.(0)) requires 
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only some minor modification of the argument of [Wic04a] used to prove the same assertion 
(i.e. parts (/) and (g) of Lemma 4.6, [Wic04a].) See item (8) below. 

(7) h = ^{v~^ + v~) is harmonic in ^3/2(0). The proof of this is as in part (e) of Lemma 4.6, 
[Wic04a]. 

(8) The necessary modifications to the argument of parts (/) and (g) of Lemma 4.6, [Wic04a] 
to show that the convergence in (3.12) is strong in W^''^{B(^{0)) for each a < 3/2 are as 
follows: The energy estimate (4.6) of [Wic04a] must be replaced by 

/ _ \D{Mvt-h))\''+ I _ \D{i^k{Vk-h))\''<ce, 

JB^{0)fA{\^,^{v+-h)\<e} JB„{0)r^{\^|:^(v--h)\<e} 

c = c{a), and, consequently, the estimate (4.41) of [Wic04a] becomes 

[ \D{v+ - h)\'^ + [ \D{v- - h)\^ < c€, 

c = c(ct). To prove the former estimate, define h{x', .t"+^) = h{x') and repeat the argument 
of the proof of the estimate (4.6) of [Wic04a] after replacing in the first variation identity 
(4.1) of [Wic04a] simply with F^ix"^^^ — Ekh)('^ (rather than with Fs{x'^'-^^)C'^ which was 
used in [Wic04a]; here notation is as in [Wic04a]) and use the estimate (3.5) above. 

The only other change necessary in the proof of strong convergence is that the func- 
tion (see paragraph preceding estimate (4.34) of [Wic04a]) must now be defined to be 
= V'ifc(7e(^jt" ~ h)D{v^ — h) +7e(t;^ — h)D{v'^ — h)). Of course then subsequent estimates 
involving need to be modified accordingly in an obvious way. 

Remark: Note that the hypothesis (3.3) allows the possibility that Mfc are "single sheeted," in 
which case, the blow up would be a single valued, harmonic function v. The asymptotic decay es- 
timate as in Lemma 5.1, part (6) is much easier to prove and is standard in this case. Our analysis 
throughout the paper however contains this as a special case. 

Definition: Let Ts denote the family of ordered pairs of functions v = {v~^ ,v~) on the ball -63/2(0) 
arising as blow-ups of sequences of stable minimal hypersurfaces in the manner described above. 
Precisely, each (u+,t)^) G J^^ is the blow-up, as in (3.12), of a sequence {M^} C satisfying (3.3) 
and (3.4) for some sequence of hyperplanes converging to R" x {0}. 

Lemma 3.1. For each a G (0,3/2), JT^ is a compact subset of W^''^{Ba{Q) ; R^). 

Proof. The lemma follows directly from the "diagonal process". Specifically, let {{vf ,v~)} be a 
sequence of functions in Ts- Then for each z, there exists a sequence of hypersurfaces {M^} C 1}, 

with ^^'1^2" — ~ < 3— (5 and a sequence of affine hyperplanes L^, of R'^^^ converging to R" x {0} 
as A; ^ 00 such that El = Ej^i (3/2, L^) and {Vl ,vj) is the blow-up of {M|} by El- Thus, for 
each i, 
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as A; ^ oo, in VF^'^(i?o.(0)) for each a G (0,3/2). (The notation here is as in items (2) and (6) 
of the discussion at the beginning of this section.) Now choose a diagonal sequence {M^^^^}, 

k{l) < k{2) < k{S) < ... and positive integers Ni, i = 1,2,3,... such that L^^.^ ^ x {0}, 
EL. ^ as i ^ cx) and, for each i, || "g"'. _ Mi) [[^i^a^^^^g^^ < 2"^ for all j > N^. (Such 

k(i) k(j) 

Ni exist by the convergence (3.13).) Let {v+,v-) € M/jJ^f (^3/2(0); R^) be the blow-up of {M^.^.-,} 
by E^-y i.e. for a subsequence {i'} of {i}, {v^,v^) is, for each a < 3/2, the VF^'^(i3o-(0); R^) 

limit of the blow-up sequence \ p^'.MOV.Mi') ^ \ rpj^g^^ definition of J^s, 

(■U+, u^) G J'-ij, and it is easily seen using the triangle inequality that — v"^ in W^'^{Bcr{0)). □ 

Lemma 3.2. Let z ^ ^3/2(0) and a ^ (0, 3/2 — jz]). If for all sufficiently large k , Mkf\{Bfj{z) x'R) 
are embedded, then v'^\q^(^^-^ and v~\^^(^^^ are individually (a. e. equal to) harmonic functions on 
BJz). 



Proof. Under the hypotheses of the lemma, we have that for all sufficiently large fc, u'^ > «^ in 
k 



fijfc n Bfj{z) and that are (smooth) solutions of the minimal surface equation: 




(3.14) 

in Ofcni?CT(z). Let C, be an arbitrary function with compact support in B„{z). Multiplying (3.14) 
by il^j^C, and integrating over Bfj{z), we have 



which can be written as 

Jb.{z) ^i + \Du^\^ JB^i^) ^1 + \Du^\^ -^fi-W ^1 + \Du^\^ 

Dividing this by Ek and passing to the limit as A; — 00, we conclude using the Cauchy-Schwarz 
inequality and (3.11) that 



Dv^ ■DC = 

as required. □ 



Any V = (f^,f ) G J^s satisfies the properties listed in Propositions 3.3 — 3.11 below. Given 
V E J^Sj here and subsequently we use the following notation: 



v'^ + V 



V ' — V 



w 
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Proposition 3.3. (1) h is harmonic in 53/2(0). 

i^) IB,Mo^-'-f+iv-r<{lr'■ 
{3) Ji\Dv+\'^ + \Dv-\'^)C = - J {v+ Dv+ + V- Dv-) ■ DC for every ( e ^1(53/2(0)). 

More generally, J{\Dv^\'^ + \Dv~\'^)C = - f{{v~^ — y)Dv~^ + {v~ — y)Dir) ■ DC, for ev- 
ery 7/ G R and every C € 0^(^3/2(0)). By replacing C with in this and using the 
Cauchy-Schwarz inequality on the right hand side, we get that J{\Dv~^\'^ + \Dv~\'^)C'^ < 
Cj{{v+ - yf + {v- - yf)\DC\^ for any y G R. 

(4) Ui.)i\Dv'-? + \Dv-?) = !sB^^,){y+ - y)% + {v- - y)% for each z G ^3/2(0) and 
almost every a G (0,3/2 — |2;|). 

(5) EIj=i/s,(2) {i\Dv+\'^ + \Dv-\'^)5ij - 2DiV+DjV+ - 2DiV-DjV-) AC^' = for each ball 

B^{z) with B^{z) C 53/2(0) and each vector field C = (C\ • ■ ■ , C") with C^ e Cl{B^{z)) 
for j = 1,2,3, ... ,n. 



Proof. Part (2) is a direct consequence of the definition (3.2) and the estimate (3.9). The proofs of 
parts (1), (3), (4) and (5) are contained in [Wic04a], Section 4; part (1) follows from the identity 
(4.30) of [Wic04a]; parts (3), (4) and (5) follow from exactly the arguments of Lemma 4.7, part (i); 
Lemma 4.7, part {ii) and Lemma 4.8 of [Wic04a] respectively. □ 



Definition: Let v G J^s, z G -83/2(0) and y G R. Define the frequency function Ny^z,y{ ) by 



(3.15) N,,,,y{p) 



IaB,i.)i-^-yr + i^--yy 



provided p G (0, 3/2 - \z\) and f^js^^^){v+ - yf + {y- - yf + 0. 

Whenever z G -63/2(0) is a Lcbcsguc point of both and and ^"^(z) = v^i^z^ = y (as will 
be the case in most of our applications of the frequency function), we shall let Nv,z{p) = J^v,z,y{p)- 

Proposition 3.4. Suppose v G J^S: < < p2, Bp.^{z) C ^3/2(0), y G R and Jg^ (2)^^^ ~ 
{v~ — yf 7^ for all p G (pi,P2)- Then Ny,z,y{') is monotonically non- decreasing in (pi,p2)- 

Proof. The argument is the same as in the proof of Lemma 5.13, [Wic04a]. We reproduce it here 
for the reader's convenience. Note first that the identity of Proposition 3.3, part (4) implies that 



(3.16) ^ i [ \DvA = 2p2- j 

dp \ Jb,{z) j Ja 

for almost all p G (0,dist (2,953/2(0)))), where ^^{x) = Dv{x) ■ jfrfi is the radial derivative. This 

follows by taking (a;-' — z^)Ci in place of C"' in the identity of Proposition 3.3, part (4) and letting 
Z — 00, where Cl is a sequence of C^{Bp{z)) functions converging to the characteristic function of 
the ball Bp{z). (We omit the details here. This is exactly the argument used to derive the standard 
monotonicity formula for stationary harmonic maps, and can be found e.g. in [Sim96], Chapter 2.) 
Note also that by Proposition 3.3, part (3), 



dv 
'dR 
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(3.17) / \DV\' = U A ((^+ _ yf + _ y)2) 

for almost every p G (0,3/2 — \z\). 

Now by a change of variables in the denominator of (3.15), we have that 

where vf^p^y{ui) = v^{z + pui) — y. Using this and the identities (3.16), (3.17), we have that for a.e. 



^p^v,zM 

^ i (P^-^ Jb.(.) P'-Ispiz) i k^-M.p.y? + {Kp,y? 

/S.-I«p,y)2 + {v.,p,yY (/sn-i«p,,)2 + (v-^^yff 

r)J2-n r \ dv 

_ '^P JdBpiz) \dR\ 

Jgn-l{vt,p,y)'^ + {Vz,p,y)'^ 

{!sn-l{vt,p,yf + {Vz,p,yff 

"^P ^ ^/s"-i(^^P,2/)^ + (*2:,P,2/)^ /s"-i dR^ ~ {is"-^ '^t,p,y dR^ + ^z,p,y 9^'") ^ 

(/sn-i«p,2/)^ + {Vz,p,yff 

> 0. 

(3.18) 

The inequality above follows from the Cauchy-Schwarz inequality. This completes the proof. □ 

Remark: By the definition (3.15) of frequency function and the identity (3.17), it follows that for 
2;GB3/2(0) and (0,3/2- |2;|), 

whenever Ny^z,y{p) is defined. 

Lemma 3.5. Letv = {v~^,v~) G Ts, z G -63/2(0) and suppose that Jg^ ^^^{v~^ —y)'^ + {v~ — y)'^ > 
for some ctq G (0, dist (z, 3/2 — \z\). Then 

(a) Jq^ (2)(^^ ~ 2/)^ + {v~ — y)^ > for all p G (0, 3/2 — |2:|) and hence Ny^z,y{p) is defined for 
all p£ (0,3/2- \z\). 
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(b) For each p G (0,3/2 - \z\) and each 9 G (0, 1], 

z, y, p 



where S^,y,p = (p " ^ " + (v - y?) 



1/2 



Proof. Since j^^ ^^■^{v'^ —yf'+{v —y)^ is (absolutely) continuous as a function of cr and Jq^ (2)(^^~ 
y)^ + {v~ — y)^ > by hypothesis, there exist a\ G (0,3/2 — \z\) with ai < ctq such that 
IdB iz)^'"'^ ~ y^'^ ~ y)"^ ^ ^ ('^ii^o]- Hence the frequency function Ny^z,y{o') 

is well defined for all a G {(Ti,ao] and by the monotonicity of Ny,z,yio') and the identity (3.19), we 
have that for all a G (ai , do] , 

"^--^"^ - 2/,„_,(.(-)+-,)2 + (.(^,^)--y)2 ^ - ^° 

where v^^''^^^{lo) = v^{z + aw). This is equivalent to 

Ta'""^ [ ^0 J ^ ° 

and integrating this differential inequality with respect to a from ui to ctq, we have that 

!dB.,i.)i^^-y? + (^'-y? !dB^,iz)i^^-y? + (^'-y? 

2Wo+n-l - ^2Aro+n-l 

This readily implies that (j) (^^"^ - 2/)^ + - yf' > 0. Thus JgBp(z)('"'^ ~ y)^ + - 2/)^ > 
for all p G (0, ao]. Since by Proposition 3.3, part (2), the function (f+ — y)^ + (v^ — y)^ is weakly 
subharmonic in -63/2(0), it follows from the maximum principle that Jq^ (2)('^'''~y)^ + (^~~2/)^ > 
for all p G (do, 3/2 — |^;|). Thus part (a) of the lemma holds. 

To prove part (6), fix p G (0, 3/2 — \z\). Using part (a) and arguing as above, we have that 

\2\ 



d, f <^'-''Ui.)i-^-yr + i^--y)\ ^^ 
d^'^'H ^ 1^' 



for all a G (0,p), where N = Ny^z,y{p), and by integrating this from o"i to (72, we obtain that for 
every o"i, (T2 G (0, 3/2 — \z\) with < ai < a2 < p, 

,,,,, - y? + - ^ - + - y? 

y^-'^^) 2N+n-l - 2Af+n-l 



"1 ^2 

Hold (Ti fixed with < di < multiply inequality (3.20) by a"^^^"^'^ and integrate with respect 
to £72 from 9p to p to obtain, for each ai G (0, Op), that 

(3-21) 



lBp{z)\Bep{z) 2N + n ■ al 

Now multiply both sides of (3.21) by a^^"*"""^ and integrate with respect to a\ from to Qp. This 
gives 
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{epf^^- [ iv+ - yf + {v- - yf < {p'^+- - {9pf^+-) [ iv+ - yf + (y- - yf 

J Bp{z)\B0p(z) -JBepiz) 

which, upon rearrangement of terms, gives the desired estimate. □ 

Definition: For v G J^s, z € -63/2(0) and y G R with Jq^ ^ + ^ ^ ^ some 

do G (0,3/2 — l^l), define J\fv,y{z) = limp^o Nv,z,y{p)- Note that N^^z,y{p) is well defined for all 
p G (0, 3/2 — \z\) and this limit exists by Lemmas 3.5 and 3.4 above. 

Whenever z G ^3/2(0) is a Lebesgue point of both v'^ and w", and v'^{z) = v~{z) = y, we shall 
let Ar„(2;) =M^^y{z). 

Lemma 3.6. Let v € J^s and z G -63/2(0). Suppose that fg^ (^)(^^ ~ 2^)^ + ~ ^ ^ -^^^ some 
(To G (0, 3/2 — \z\). Then N^,^z,y{p) is constant for p G (0, 3/2 — \z\) (with value Nv,y{z)) if and only 
if a/ (f + — yY + {v~ — yY is homogeneous of degree Mv,y{z) from the point z in -63/2-121(2); i-e. if 
and only if 

/ ^ \ 2AA;,j,(2) 

{v-^{z + puj)-yf + (y-{z + puj)-yf = f {(v+ {z + p' u) - yf + (v' {z + p' u) - yf) 

for each p, p' G (0, 3/2 - \z\) and 00 G 8"^^ 

Proof. Note first that Ny^z,y{p) is well defined for p G (0,3/2 — \z\) by Lemma 3.5, part (a). If 
^/ (V+ — yf + {v~ — yf is homogeneous of some degree a from z in -B3/2-|z|(^)) it is easy to see 
using the identity (3.19) that N^^z,y{p) = «(= J^v,'y{z)) for p G (0,3/2 — \z\). Conversely, suppose 
Nv,z,y{p) is constant in the interval (0,3/2 — \z\). Then by (3.18), 

-^vt^P,yi^) = avt,p,yi^) 

for some constant a, almost all p G (0,3/2 — \z\) and almost all uj G S"~^, where v^^,y{uj) = 
v'^ {z + puj) — y . (This just follows from the condition under which equality holds in Cauchy-Schwarz 
inequality.) This is equivalent to the differential identities {v^{z + pu) — y) = a{v'^ {z + p u) — y) 

which imply that {v'^{z + puj) — yf + {v~{z + pu)) — yf = {jf^ ((^^(-^ + p'w) — yf + {v~{z + 
poo) - y)2) for p, p' G (0, 3/2 - \z\) and a; G 8""^ It then follows from (3.19) that a = Mv,y{z). □ 

The estimate in Lemma 3.8 below, essentially due to Hardt and Simon [HS79], will play a very 
important role first in our proof of continuity of functions in (Lemma 3.10 below) and later in 
establishing crucial asymptotic decay properties (Theorem 5.1) of these functions. In the proof of 
this estimate, we shall need the following: 

Lemma 3.7. Let a G (0,3/2). There exist e = e{n,a) G (0,1) and C = C{n,a) G (0, 00) such 

that ifM€ lb, ^" < 3 - 5, L is an affine hyperplane ofW+^ with dist (L n (-Bi(O) x 

R), 5i(0)) <e andE = -Em(3/2, L) < e, then for each Z eMn {B^{0) x R) with @m{Z)>2 we 
have that 

dist(Z,L) <CE. 
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Proof. By translating, scaling and rotating, we may assume without loss of generality that L = 
R" X {0}. Let Z be as in the statement of the lemma and write Z = {z', 2;"+^). Set ao = 3/2 — a. 
The monotonicity formula for M ([Sim83], Section 17) says that 

where v denotes the unit normal to M. Writing v = {i/', 1/"+^) where i/""*"^ = u ■ e""*"^, we have that 

JMnB''+}JZ) |A-Z|"^^ JMnB"+}jZ) 

> \{a,/2)---' j 

^ JMnB''+}JZ) 

-(ao/2)-" / 1 - 

i(ao/2)— 2 f 

^ JM 

J Mn(Bag{z')xn) 

(3.23) > -(ao/2)-"-2 / - z^+^P - ca^^-^i:^ 

2 JunB^+l^iz) 

where c = c(n), and for the second of the inequalities in the above, we have used (a + 6)^ > a^/2 — 6^ 
with a = z/"+i(x"+i - z"+i), h = u' ■ {x' - z') and the fact that = 1 - (i/"+^)2, and the third 
inequality is standard and is analogous to (3.5). 

On the other hand, provided e = e(n, a) is sufficiently small, we have that 



l^n+l _ ^n+l|2 

'ao/2^''' 



'MnB"+/,(z) 

<^0/2 



Un+l|2 



a;„(ao/2)" ^ - u;„(ao/2)« 

< CcTq-" / Vl + I-Du+P - 1 + 

Jnns,o/2(z') 

JnnB^^/,{z')l + ^l + \Du+\^ 
nnB^^/2(2') 1 + VI + 



7Mn(B,^/2(2')xR) 

-n 

'Mn(Sao(2')xR-) 
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(3.24) < C(To"-^^^ 

where C = C{n) and fi, and u~ correspond, respectively, to 0,^, and u'^ of item (2) of the 
discussion (with M in place of and = R" x {0}) at the beginning of Section 3. Note that 
we have used the estimate (3.9) here. 

Combining the estimates (3.23) and (3.24), we have 

(3.25) [ < C^2. 

H"(MnB"+/„(Z)) 

Since by monotonicty ^ (0-0/2)" — ®^ — ^' follows readily from the estimate (3.25) 

and the triangle inequality that 



where C = C{n). This is the required estimate. □ 



Lemma 3.8. Suppose v = (v^,v ) G J^s- If ^ ^ ^3/2(0) ^ Lebesgue point of both and 
v~ , v~^(z) = v~(z) and ^ v~ (as functions) in any ball centered at z, then for each p G 
(0,3/2 — l^l), we have that 

where y = v'^{z) = v~{z). Here C = C{n). 



Proof. Suppose the hypotheses of the lemma are satisfied for some z G 1^3/2(0). Let {M^.} C lb be 
a sequence of hypersurfaces whose blow-up is v. First we claim that for each r G (0,3/2 — |2;|), 
there exist infinitely many k such that n {B^{z) x R) contains a point Zf^ with QM^i^k) ^ 2. 
For if not, fl {Br{z) x R) would be embedded for some r G (0,3/2 — \z\) and all sufficiently 
large /c, and hence, by Lemma 3.2, v'^ and v~ would both be individually harmonic in Bt-{z). Since 
v'^ > v~ and v^{z) = v^{z)^ we would then have by the maximum principle that v'^ = v~ in 
Bt(z), contradicting one of the hypotheses of the lemma. Hence the claim must be true. 

Now take an arbitrary sequence of numbers Tj \ and apply this claim with tj in place of r. 

This gives a subsequence of {k}, which we continue to denote {k}, such that Ci (-63/2(0) x R) 
contains a point = {Z'^, ^k^^) with @Mk{^k) ^ 2, satisfying z. By the usual monotonicity 

identity for minimal submanifolds ([Sim83], Section 17), we have that, for p G (0,3/2 — |2;|), 



f {{x-z,)..,f ^ n-{M,nB;;,Hz,)) 

^ W"(Mfcni?;/V(Zfc)) 



Estimating as in (3.24), we have 
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n-{M,r^B;^\Zk)) _^ ^ H^{{G+uG,)nB;+\z,)) ^ ^ 



a;„(/9/2)" Wn(p/2) 



C^n(p/2)" 



1 

-4 



1 / P(V^.OP 



+ 



which impUes that 
On the other hand, 

r {{x - Zk) ■ vkf > I 



{{X - Zk) ■ vk? > f {{X-Zk)-Vk? f {{X - Zk) ■ Vk? 

'M,nB:j^\z,) \X-Zk\^+^ - JctHB-^^iz,) \X-Z,\n+^ Jc-nB^+Hz,) \X-Zk\-+^ 



>- f 

JB",JZ' 



2 



n+2 "I" 

2 



This imphes by Fatou's lemma and (3.26) that 

C,-" / + \Dv-f > hminf ' [ ^^jl" ''\Zf 

JBp/^{z) ^-^^^ ElJu^nB^/^iZk) \X - Zk\ + 



{{v--y)-{X'-z)-Dv-)^ 



JB^/,iz) \dR\ R J J 

(^(^)) 
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where C = C(n) and y = hnifc^oo — 1; — ) possibly after passing to a subsequence of {k}. Note 
that the existence of y < oo follows from Lemma 3.7. The required estimate follows by combining 
the inequalities (3.26) and (3.27), and using Proposition 3.3, part (2). Observe that the estimate 
automatically implies that y = v'^{z) = v~{z) for if not, the integral on the left hand side would 
not be finite. □ 

Remark: Note that the proof of the preceding lemma shows the following: If u = {v'^,v~) G J^S: 
z G -63/2(0) is a Lcbcsgue point of both and v~ , v~^{z) = v^{z) = y, ^ v~ (as functions) 
in any ball centered at z, and if {M^} is a sequence of hypersurfaces in whose blow-up is v, then 
there exist a subsequence {kj} of {k} and points Zk^ = {Zj^,, ZJ^^^) G M^j n (^3/2(0) x R) such 

that QMkji^kj) > 2 and limj^oo ( -^v "g^ J = (^'2/)- 

Lemma 3.9. Let {v~^,v~) G J^s o,i^d {-^fc} a sequence of hypersurfaces in X;, whose blow-up is 
{v'^,v~). If z E ^3/2(0) is a Lebesgue point of both v'^ and v~ , and ifv'^{z) > v~{z), then there 
exists P > such that n {Bp{z) x R) are embedded for all sufficiently large k, and hence v'^ 
and v~ are individually harmonic in Bjj{z). 



Proof. Suppose that z G ^3/2(0) is a Lebesgue point of both and v~ , v'^{z) > v^{z) but for no 
/? > 0, Mfe n {Bp{z) X R) are embedded for all sufficiently large A;. Then, taking (5 = we can 
find a subsequence {kj} of {A;} such that there exists Z^^ = {Z'j^,, Z^^^) G M^^ D {Bi/j{z) x R) with 
&MkX^kj) > 2. In particular, Z'f,^ — z. By the argument of Lemma 3.8 above, we then have that 

for any p G (0, 3/2 — |2:|) and some y G R, implying that v~^{z) = v {z) (= y). This contradiction 
shows that there exists /? > such that fl {Bp{z) x R) are embedded for all sufficiently large k. 
It then follows from Lemma 3.2 that v'^ and v~ are individually harmonic in Bp{z). The lemma is 
thus proved. □ 

Remark: Note that the proof of the above lemma shows the following: If for some f3 G (0, 1) there 
is no z G -8/3(0) such that v~^{z) = v~{z), then fl (-6^3(0) x R) are embedded for all sufficiently 
large k. 



In the next lemma and subsequently, we shall use the following notation: for any v = (w+, v ) G 
J^S and any p G (0, 3/2), 

(3.28) = ^j-)^ 1^^,^^ 

where v'^{x) = — 3^2_ an^i ^2 _ p-n-2 ^^^(^^+^2 _|_ (t;-)2_ More generally, if i; = (v~^,v~) G J^Sj 
z G -63/2(0) and y G R, we let, for p G (0, 3/2 - |2;|), 
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where vf^^^yix) = ''^^^^^^"^ and S^^^y = P~'*"Vb,(^)(^^ - + - vf- 

3 

Note that if v G J^s^ ^ € -^3/2(0)) P G (Oi 3/2 — \z\) and y G R, then Vz,p,y G In fact if v is the 
blow-up (in the sense of Section 3) of the sequence of hyper surf aces {M^} C lb off the sequence 
{Lfc} of afiine hyperplanes converging to R" x {0}, then Vz^p^y is the blow-up of the sequence 

= 'f){z,Euy), Ip^^ °^ sequence Zfe = ^ + - (2, Eky)^ of affine hyperplanes, 

where E}. and z^-^* are as defined in Section 3. The fact that ^^'^2" — < 3 — 5 for sufficiently 
large k is easily checked using the approximate graphical decomposition (as given by the method 
of [SS81] and explained in the discussion of item (2) at the beginning of the present section) of 
Mfe n (B2_g(0) X R) for a suitably small fixed positive e independent of k. 

Finally, iiv G and z G i?3/2(0) is a Lebesgue point of both and v~ with v^{z) = v~{z) = y, 
we let, for p G (0,3/2 - \z\), 

(3-30) £z,p = £z,p,y and vf^p = vf^p^y. 

Proposition 3.10. (a) If v G J^s, then v is (a. e. equal to) a continuous function on 53/2(0). 
(b) For each a, a' G (0, 3/2) with a' < a, there exists a finite number C = C(n, a, a') such that 
if V E J^S and v'^{z) = v~{z) for some point z G B(^i(0), then 

\ 1/2 

\v{x)-v{z)\ <C\x-z\\ I \vf] 



(J 



for all X G -B^'(O). 



Proof. Let f G JF^. Denote by T the set of points z G ^3/2(0) with the property that there exists 
y = y^: G R satisfying 

(3.31) 



for all p G (0,3/2 — |z|), where the constant C = C{n) is as in Lemma 3.8. We claim that any 
z G r must be a Lebesgue point of both v'^ and v~ with v'^{z) = v~{z) = y and that for 2; G F, a 
local Lipschitz estimate 

(3.32) \v{x) - v{z)\^ < C\x - z\^ ^p;"-^ j 

must hold for some pz G (0,3/2 — |2;|) and a.e. x G Bp^/2{z), where C = C{n). In order to prove 
these claims, fix z G F and first note that we may suppose that at least one of or v~ is non- 
constant in every ball Bp{z), < p < 3/2 — \z\, for if both and v~ were constant in some ball 
Bp'{z), p' G (0,3/2 — l^l), then by (3.31) the value of the constant must be y, and hence we have 
the claims trivially with (3.32) holding for pz = p' and (7=1. Then we must have that 

(3.33) / iv+ - yf + {v- -yf>0 for p G (0, 3/2 - \z\) 

JdBp{z) 
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because otherwise, since {v~^ — y)^ + {v — y)^ is subharmonic in ^3/2(0) (by Proposition 3.3, part 
2), we would have by the maximum principle a p > such that {v~^{x) — y)'^ + {v~{x) — y)^ = 
for a.e. x G Bp{z), contrary to the preceding assumption. Hence (3.33) must hold, so that the 
frequency function N^^z,y{p) is defined for p G (0,3/2 — \z\) and is monotonically non-decreasing. 
We claim that 



(3.34) M^{z) > 1. 

To see this, note that by (3.31) for each p G (0,3/2 — \z\), 

where the notation is as in (3.29). Since Vz^p^y G ^5, we have by Lemma 3.1 that for an arbitrary 
sequence pj [ 0+, after passing to a subsequence which we continue to denote {j}, that Vz,pj,y 
V G J^s, where the convergence is in W^'^{Ba{0)) for every a G (0,3/2). By (3.35), 

(3.36) / R^-'f^J^Y^R'-f^J^YKcf (i-f + (i-f<oo 

and we also have by Lemma 3.5 that for each p G (0,1], ^q-^ \vz,pj,y\'^ > (^^^ ^ ^'^^ ' \ 

and hence that ^ in any ball Bp{0), p G (0,1]. Consequently, since iP' is subharmonic (by 
Proposition 3.3, part (2)), we have that f^^ ^q-^v^>0 for p G (0,1], and therefore the frequency 
function A^??,o,o(p) is defined for p G (0, 1]. But then 

for p G (0, 1] and hence by Lemma 3.6, v is homogeneous of degree M^^yi^z) from the origin. It then 
follows directly from the finiteness condition (3.36) that Hv,y{z) > 1. 

With z G r and y = yz, we next claim that p~"~^ (2)^^^ ~ ~ mono- 

tonically non-decreasing for p G (0,3/2 — \z\). To see this, we use the abbreviation dy^z{x) = 
^/ {v^ {x) — + {v~ {x) — y)^ , and compute as follows: 



dp JBp{z) ""'^ dpJB^^o) P^ 

2dy,z {z + px)D dy^z {z + px)-x 2^^^^ {z + px) 



L 



Bi(0) P'^ P^ 



2 

P^ JBi{0) 



/ dy^z {z + px) {D dy^z {z + px) ■ px - dy^z {z + px)) 

JBi{0) 

2p~'^~^ / dy^z{x) {D dy^z{x) -{x- z)- dy^z{x)) dx 

JBo(z) 
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= 2p-"-3 r / {d,,,{x)D dy,,{x) -{x-z)- dl,ix)) dx dT 

Jo JdBriz) 

V JdBriz) O'-K JdBriz) 



= 2p-"-' / I o W - / dlz I dr 

(3.38) > 

for almost every p £ (0,3/2 — \z\). The last inequality holds since 1 < J\fv,y{z) < Nz^v,y{T) = 

aBr(z) dR ".^ ^ (3.34) and (3.19). Thus in particular, p^"^^ (^\d^ remains bounded from 

above as p ^ and consequently z must be a Lebesgue point of both f+ and v~ with v^{z) = 
v~{z) = y. 

Now, is subharmonic in £3/2(0) by Proposition 3.3, part (2), and hence by the mean value 
property 



d^ 



(3.39) \v{z)\'<u-'p-^ [ 

Jb,,{z) 

where = ^(1 — 1^1). Also, since d^ ^, is subharmonic, again by the mean value property we have 
that for a.e. x G Bp^i2{z), 

dl^ix) < U-\\X-Z\)-^ [ 4,z 

JB\^^^\{x) 

< u-\\x-z\)-^f 4, 

= a;-^2"+V-^P(2|x-z|)-"-2 / 

Jb 

< a;-^2"+^|x-.ppr'2/ 

Je 

(3.40) < - z|2p-'*-2 [ 

JBp.iz) 

where C = C{n). Here we have used the monotonicity of P~"'~^ (2) d^^z the estimate (3.39). 
This is the required estimate (3.32). 

Wc have thus shown that every z G F is a Lcbcsguc point of both and v~ with v~^{z) = 
v~{z) = Uz, and that the local Lipschitz estimate (3.32) holds at such z. 

Now consider a point z G -B3/2 \ T. We claim that there exists az G (0,3/2 — \z\) such that 
v~^\^^ (z) ''^ Ibct. (2) "^^^ respectively a. e. equal to harmonic functions v^~^ and on B(r^{z). 
To see this, consider a sequence of hypersurfaces {M^} C lb whose blow-up is v. There must exist 
az G (0,3/2 — \z\) such that for all sufficiently large k, D {Bcr^{z) x R) must be embedded. 
For if not, there exists a subsequence {A;^}, j = 1,2,... of {A;} and points Z^. = {Z'f^., Z^^^) G 
Mfc^ n {Bi/j{z) X R) with Qm^. i^k ) ^ 2 and by exactly the argument of Lemma 3.8, this implies 

3 I J ' j 3 

that (3.31) holds for some y G R and all p G (0, 3/2— |z|), contradicting the fact that z G i?3/2(0)\r. 
The claim now follows from Lemma 3.2. Now define v'^ : .83/2(0) ^ R by setting v~^{z) = v^~^{z), 



d^ 
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v~{z) = v^~{z) if z G 53/2(0) \ r and v^{z) = v~{z) = if 2; G F. Since T is relatively closed 
in ^3/2(0) (which follows directly from the definition of F), it follows by unique continuation for 
harmonic functions and the continuity estimate (3.32) for points ^; G F that are well defined 
and are continuous in 53/2(0). Furthermore, are a. e. equal to v^. This concludes the proof of 
part (a) of the lemma. 

To prove part (6), let v G (v now assumed to be continuous), z G ^3/2(0) and suppose 
that v~^{z) = v~{z) = y. Note first that we must have that either = v~ = y \n ^3/2(0) or 
that Jq^ (2) ('"''' ~ y)"^ + (^~ ~ y)"^ > for all a G (0,3/2 - \z\). To see this, first note that if 
SdB (z)(^^ ~ ^)^ ~'~ (^~ ~ ^)^ ^ ^ some (To G (0,3/2 — |z|), then by continuity, there exists 
C7i G (0,c7o) such that iQB„{z)^''^~^ ~ f)^ (^~ ~ 2^)^ ^ for all a G {ai,ao]. Hence the frequency 
function Ar„ ^(cr) is defined for a G (cri, ctq] and by exactly the argument leading to (3), we have the 
estimate 



U,,4-^ - yf + - yf ^ Ui.^v^ - y? + (^- - y? 

2Ar+n-l — ^2iV+n-l 

(Tq u 

for each a G (o"i,cro], where N = N^^zi(^o)- Letting a — >■ ai in this, we see that J^^ (z)^^"*" ~ 
y)^ + (w" — y)'^ > 0. This argument shows that if Jq^ (z)^^^ ~ ^-'^ ~ ^-'^ ^ some 

(To G (0, 3/2 — I z|) then Jq^ (z)(^^ ~ ^)^ (^~ ~ y)^ ^ ^ ^ ^ (^' ^o]- the other hand, since 

{v^ — y)^ + (v^ — y)^ is subharmonic, if (z)(^''' ~ ^)^ ~'~ (^~ ~ y)^ ~ ^ ^^'^ ^o™^ £ (0, 3/2 — 
then by the maximum principle we must have that v^{x) = v~{x) = y for all a; G Bfj{z). Hence, 
either Jqb^^z)^'"^ ~ y)^ + (""" - vf > ^ for all a G (0,3/2 - |2;|) or v^{x) = v~{x) = y for all 
X G -63/2-121(2^). If the latter were the case, it is easy to see using the estimate (3.41) repeatedly 
with suitably chosen center points in place of z that we must have v~^{x) = v~{x) = y for all 
X G 53/2(0). 

If = v~ = y in ^3/2(0), the estimate in part (6) holds trivially. Otherwise, we have by the 
above argument that the frequency function Nv,z{cr) is well defined for a G (0,3/2 — |2:|) and we 
claim that Mv{z) > 1. This is easy to see if v'^\q^^^-^ = v~\q^^^^^ for some a G (0, 3/2 — |z|), because 

then v'^ = v~ = h in B^{z) (where h = \{v'^ + v~)) and hence, since h is harmonic (everywhere 
in 53/2(0)), it follows in this case that Mu{z) = J^h-h(z)i^) — 1- Else, by Lemma 3.8, we have the 
estimate (3.31) for each p G (0, 3/2 — \z\), and we may then argue exactly as in the proof of (3.34) 
above to conclude that Nv{z) > 1. Consequently, we also have the monotonicity estimate (3.38), 
by the same computation, for each p G (0, 3/2 — \z\). 

To complete the proof of part (6), let a, a' G (0,3/2) with a' < a, and suppose that z G 5o.'(0) 
and that v'^{z) = v''{z). Since is subharmonic, we have by the mean value property that 



(3.42) sup \v\'^ <C [ 

s^,(0) 7b,. (0) 

where C = C{n, a, a'). Also, since ^ = (^^ — ?/)^ + {v~ — y)^ is subharmonic, again by the mean 
value property we have that for every x G 5(7.' (0), 
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< oj-\X\x-z\)-^ [ 4, 

= C|x-z|2(2A|x-z|)-"-2 / 4 

•^-B2A|x-z|{2) 

< C|x-2p / (v+ - yf + {v- - y) 



,{z) 

(3.43) < C\x-z\^ I \v\^ 

where A = 2{a+(7') ^ ~ C{n,a,a'). Here we have used the monotonicity of p "'~^Jq (^z)dv,z 
and the estimate (3.42). This completes the proof of part (6) and the lemma. □ 

We next establish several important properties of w: 



Proposition 3.11. Suppose v = {v~^,v ) G !Fs o-nd recall the notation w = ^iv^ We have 

the following: 

(1) w>Q. 

(2) / \Dw\'^C = -J wDw ■ DC for every ( £ (7^^^3/2(0)). 

(3) Ib^(z) I^^I' = IdB^(z) "^m /o'^ B-yi^) ^^(^) c %2(0). 

(4) EIj=i/s,(,) {\Dw\'^Sij - 2DiwDjw) DiC^ = for every ball B^{z) with B^{z) C ^3/2(0) 
and every G C^{B(^(z)), j = 1,2,3, ... ,n. 

(5) Alt; = in £3/2(0) \ Zu, where is the zero set of w. 

(6) either = or W'^iZyj) = 00. 

C^) ^/ /e Bp-^{zi) > /or some zi G -63/2(0) and pi £ (0,3/2 - l^il), then JqBp{zi) ^'^ > ^ for 
all p G (0, pi]. 

(8) Either w = in £3/2(0) or > /or eac/i z G £3/2(0) anc? eac/i p G (0, 3/2 — |z|). 

(9) Either w = in £3/2(0) or t/ie frequency function zip) = — — ~ is defined for each 

z G £3/2(0) and each p G (0,3/2 — \z\) and is monotonically non- decreasing as a function 
of p. Hence Nw{z) = limpjo ^w,z{p) exists for each z G £3/2(0) unless w = Q. 



Proof. Part (1) follows from the definition of w. Part (2) follows directly by substituting v'^ = h+w, 
v~ = h — w m. the identity of part (2) of Proposition 3.3, and observing that h, being har- 
monic, satisfies the identity f\Dh\'^C, = — f hDh ■ D(. Similarly, part (4) follows by substitut- 
ing = h + w, v~ = h — w in the identity of part (4) of Proposition 3.3 and observing that 
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X;"j=i/b^(^) {\Dh\^6ij - 2DihDjh) AC^ = 0. Part (3) follows from part (2) by taking a smooth 
approximation to the characteristic function of the ball B„[z). Part (5) follows from Lemma 3.9. 

To see part (6), note first that it suffices to show that for each given a G (0,3/2), either Z,fjj H 
B„{Q) = or (Z^n5a(0)) = oo. So fix cr € (0, 3/2) and suppose that rr-"^ (Z^nBa(O)) < oo. 

By continuity of w (Lemma 3.10), Zy. is closed, so that by exactly the same construction as in (3), 
we have for each r G (0, 3/2 — cr) a sequence of Lipschitz functions : .63/2(0) — > R, £ = 1, 2, 3, . . ., 
with f3^{x) = 1 for each £ and each x with dist (x, Z^ n i?(j(0)) > r, /?£ = in some neighborhood of 
Z^ n S(,(0), < /?£ < 1 everywhere and j' \D(5i\^ ^ as ^ ^ 00. Now, given (p G Cc°°(5(,(0)), 



we have that 
in ^3/2(0) \ Z 



'3/2 1 



is Lipschitz with compact support in B„{Q) \ Z^, and hence, since w is harmonic 



Dw ■ D{Pi(p) = 



B^(0) 



which implies that 



Ib, 



DwDip = - / f3iDw ■D(p+ ipDw ■ D/Se 

where {Zu))t denotes the r neighborhood of Zw Hence 



Dw ■ Dip 



Ba{0)\{Z^)r 



(3.44) 



< sup|D<^| f / \Dw\' 
\Jb^(o) 

sup\ip\ / \Dw\ 

\JB^(0) 



1/2 



+ 




Letting first i ^ 00 and then r — >■ in this, we conclude that w is harmonic in B„{0). Since w > 
and H'^-'^iZyj n B„{0)) < 00, it follows from the maximum principle that Z^ n Bfj(0) = 0. This 
proves the assertion in part (6). 

To see part (7), first note that it follows from the identity of part (4) that 



(3.45) 




\Dw\ 



Bp{z) 



Jd 



dBp{z) 



dw 



OR 



(See [Sim96], p. 24 for the details of this claim.) Also, the identity of part (3) and the definition 
of Nyj^z{p) directly imply that 



(3.46) 



dBp{z, 



w^ 



whenever Nyj^^ip) is defined. To prove (7), suppose Jg^ (^i) ^ some Zi G ^3/2(0) and 

pi > 0. Then by continuity, there exist po with < po < Pi such that /. 



dBp{zi) 



> for all 



p G (po,pi]; and hence N^^zip) is defined for all p G (po,pi]. A computation similar to that of 
(3.18) using the identity (3.45), the identity of part (3) of the present lemma and the Cauchy- 
Schwarz inequality then implies that 
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(3.47) ^ N^,,{p) > 

for p G {pq,pi]. Thus in particular, N^^z{p) < ^2 = ^w.zipi) for p £ {po,pi]. Using the expression 
(3.46) in this last inequality and integrating the resulting differential inequality then gives 



w 



(3-48) > 

for all a,T with po < cr < t < pi. Using this with t = pi and a = aj where aj j PO) we conclude 
that > 0. It follows that /^^ nP' > Q for all p G (0, pi] as required. 

To see parts (8) and (9), let O = {z £ -63/2(0) : Jqb (^) > for each p e (0,3/2 - |^|)}. 
Since w'^ is subharmonic (by (2)), it follows from the maximum principle that if w{z) 7^ for some 
z G ^3/2(0), then z e O. Thus if ti; ^ 0, then C 7^ 0. We argue that O is open as follows. Suppose 
z ^ O and consider z' G -83/2(0) with \z' — z\ < |(| — |z|). By the maximum principle and the fact 
that 2; G O, it follows that [q^ w"^ > for each p with \z' — z\ < p < 3/2 — \z\. On the other 
hand, it follows from part (7) that Jq^ w"^ > for each p G (0, \z' — z\], giving that z' G O. Thus 
O is open. It is easy to see by the maximum principle again that O is relatively closed in ^3/2(0). 
Thus, we conclude that either w = in ^3/2(0) or that Nw,z{p) is defined for all z G ^3/2(0) and 
all p G (0, 3/2 - 1^1) with (3.47) satisfied. ' □ 

Remark: Although we shall not need it anywhere in the present paper, we point out here that 
w is weakly subharmonic in ^3/2(0). To see this, choose a small positive constant e, and let 
7e : R ^ R be a smooth cut-off function with "feit) = if t < e, 7e(t) = 1 if i > 2€, 7e(i) > 0, and 
< Je{t) < 2/e for all t. Then, since w is harmonic in ^3/2(0) \ Zyj, we have that for any smooth, 
non- negative function cp with compact support in ^3/2(0), 

(3.49) / (p^e{w)Aw = 0. 
Integrating by parts in this we get 

(3.50) / jeiw)D(p ■ Dw = - ipj'^{w)\Dw\'^ . 

J 33/2(0) JB3/2(0) 

Since the right hand side of the above is non-positive, we have that /^^^^(o) ' -^'"^ — 0- 

The assertion follows by letting e — > in this. 



Lemma 3.12. Let v = {v~^,v ) G J^s with f+(0) =1; (0) = 0. If v is homogeneous of degree 1 
from the origin, then graph i;+U graph = P1UP2, where Pi,P2 are hyperplanes o/R""'"^, possibly 
with Pi = P2. 



Proof. Since h = ^(^^ + v~) is harmonic, and homogeneous of degree 1 by hypothesis, h must be a 
linear function. Hence, if v'^ = v~ , the lemma holds with Pi = P2- So suppose v'^ ^ v~ . By rotating 
coordinates, we may and we shall assume that h = 0. Let w = ^{v^ — v~). By Proposition 3.11, 
part (6) 7i'^''^{Zyj n .Bi(O)) = 00. Choose an arbitrary point z G {Z^ \ {0}) n Pi(0) and blow up 
{v^ ,v~) at z. This gives 
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(3.51) v = {v^,v ) = lim Vz,ai 

for some sequence of numbers aj \ 0, where Vz^aj is as in (3.30) with y = v^{z) = v~{z) = 
0. Note that since Vz,aj G the convergence in (3.51) is, by Lemma 3.1, in W^'^{Ba{0)) for 
each a G (0,3/2). Setting p = aj and 9 = 2p/3 in Lemma 3.5 and letting j ^ oo it follows 

that ^Q-^lvl"^ > for each p £ (0, 1] so that v is not identically zero in any ball 

Bp(0). Hence we have the assertions (3.36) and (3.37), by exactly the same reasoning. Thus, v is 
homogeneous of degree J\fv (z) from the origin, and consequently by the finiteness of the left hand 
side of (3.36), we immediately have that Nv{z) > 1. On the other hand, by homogeneity of v it 
follows that Afv{z) < Afv{0) = 1, and hence we conclude that 

(3.52) K{z)=MviO) 

for any z G , and therefore, that v is invariant under translations in the direction of any element 
of Zyj. (See [Wic04a], Lemma 5.17.) Since u; ^ by assumption and 7^'*~^(Z^ n -Bi(O)) = oo, this 
means that v is invariant under translations precisely by the elements of an (n — 1) -dimensional 
linear subspace, and hence each of and v~ must be a function of a single variable. Since by 
proposition 3.11, part (5) v"^ are harmonic in \ Zw, it follows that the union of the graphs of 
v"^ and v~ must be equal to the union of four distinct closed, n-dimensional half spaces of R"+^ 
meeting along a common (n — l)-dimensional subspace. 

To complete the proof, note that since v'^ + v~ = 0, it suffices to show that the two half 
spaces that make up graphs make equal angles with R" x {0}. This follows from the identity of 
Proposition 3.11, part (4). Specifically, suppose without loss of generality that Z-w = R""^ ^ {(0) 0)} 
and w{x) = w{x^). Setting (^^ = ("^ = . . . = in the identity of conclusion (4) of Proposition 3.11, 
we get the statement that / = for every G C^{Bi{0)). If a+ and a~ are the 

angles that graph u; makes with the positive and negative x^-axes respectively, this identity says 
that tan^a- /B^(o)n{a;i<o} S + tan^ a+ /B^(o)n{xi>o} £ = for every € C^{Bi{0)). Taking a 
standard cut-off function for in this yields a~ = a"*". The lemma is thus proved. □ 

The argument of the preceding lemma shows the following. 

Lemma 3.13. Suppose v = {v'^,v~) G J^s, V^^z) = v~{z) and that v is non constant in ^3/2(0). 
ThenJ\fv{z) > 1. 

We conclude this section by mentioning the following upper semi-continuity result, which follows 
directly from the monotonicity of N^^zi')- 

Lemma 3.14. Suppose G J^s for k = 1,2,3,..., z G -63/2(0), ^ v in M^iqc (-^3/2(0)) 
and that Vk, v are not identically equal to in ^3/2(0) for all k = 1,2, 3,... . Then Nv{z) > 
hmsupfc^^ A/;^(z). 

4. A TRANSVERSE PICTURE 

In this section, we analyze the situation where a hypersurface Af G X5 is weakly close to a multi- 
plicity 2 hypcrplane but when it is scaled "vertically" (i.e. blown up) by its height excess relative to 
this hyperplane, it becomes close to a transversely intersecting pair of hyperplanes. The geometric 



30 



NESHAN WICKRAMASEKERA 



meaning of this is of course that M is in fact significantly closer, in a weak sense, to a transverse pair 
of hyperplanes (with a small angle) than it is to the multiplicity 2 hyperplane; i.e. the "fine excess" 
of M measured relative to a suitably chosen transverse pair of hyperplanes is significantly smaller 
than the "coarse excess" of M relative to the multiplicity 2 hyperplane. We obtain in this case (in 
Lemma 4.1 and its variant Lemma 4.2 below) improvement of the fine excess at a fixed smaller scale. 
The arguments used to prove excess improvement here are in part variants of those developed by 
L. Simon in [Sim93], and arc in fact carried out in detail in [Wic04a], although the results arc not 
presented there in the form below. Here we state the lemmas in the form needed for the purposes 
of the present paper, and outline their proof, referring the reader to [Wic04a] and [Sim93] for details. 

The lemmas have two applications; wc shall need Lemma 4.1 to handle one case of the main 
excess decay lemma (Lemma 6.3) of the paper, and we shall apply Lemma 4.2 in Sections 5 to prove 
regularity of functions in J^^ whenever their graphs are close to transversely intersecting pairs of 
hyperplanes. (See Lemmas 5.4 and 5.6.) 

Lemma 4.1. Let 6 G (0, 1/8), 5 G (0, 1) and r G (0, 1). There exists a number cq = eo{n, 6, 6,t) > 
such that the following holds. Suppose M Glh and 

(1) ^"^":5"^°» <3-<5 

(2) £^m(3/2,L) = (I) " ^/j^^^(^,^^_^(Q)^j^)dist^(x,L) < eo for some affine hyperplane L with 
d-H {L n (-Bi(O) X R), Bi{0)) < eo and 

(^) /Mn(Si(o)xR) dist^ {x, P) < eoE'lf (3/2, L) for some pair of affine hyperplanes P = P+ U P' 
with P+nP-f] (%4(0) X R) 7^ 0. 

Then, either 

(a) there exists an affine hyperplane L with d-u (-Ln(i?i(0) xR), Ln(i?i(0) xR)) < C£'m(3/2, L), 
C = C{n) such that 

I dist^ (x, L) < rE^if (3/2, L) or 

Mn(Bi/2(0)xR) 

(b) there exists a pair of affine hyperplanes P = P+ U P" with P'^ PI P" fl {Bq{Q) x R) 7^ 
such that 

(i) 

0~^d|^(Pn(B0(O)xR),Pn(Se(O)xR))<C / dist^(a;,P), 

7Mn(Bi(0)xR) 

(ii) 

^-"-2 f dist^ (x, P) < Ce"^ [ dist^ {x, P) and 

JMn(Be(0)xR) 7Mn(Bi(0)xR) 

(iii) M n {{Bg{0) \ 5p(6'2/16)) x R) = graph 'u+ U graph where, for a G (0, 1), 

Sp{a) = {x G R" X {0} : dist {x, vr (P+ n P")) < a}, 

«± G C^{Be(0)\Sp{e^/ 16)) withu+ > and, forx G Be{0)\Sp{e^ /16), dist ((x, m+(x)), P) = 
dist{{x,u^{x)),P~^) and dist {(x , u~ (x)) , P) = dist {(x,u~ (x)), P~). 
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Here C = C{n) > and tt : R"+^ R" x {0} is the orthogonal projection. 

Proof. We argue by contradiction, so consider a sequence {M^} C X(, satisfying 

(1) ^"(^f^(°)) <3-^ 

(2) El = ^2^^ (3/2, Lfc) = (i)"""VMfen(i33/,(0)xR)dist2(x,Lfc) < i for some affine hyperplane 
Lfe with dn {Lk n (5i(0) X R), 5i(0)) < i and 

(^) /Mfen(Bi(o)xR) (a^^i-Pfc) < i-^fc for some pair of affine hyperplanes = U with 

p+np-n(Pe/4(o)xR)^0. 

Write Pfe = P^^'' U P^^^ where pI^\ Pjf^ are affine hyperplanes. It follows from (2) and (3) above 
that 

(4.1) either dist^ {Lk n (Pi(0) x R), P^^^^ n (Pi(0) x R)) < CEk 

or dist^ {Lk n (Pi (0) X R), Pf ) n (Pi (0) X R)) < CEk 

where C = C{n). For i = 1, 2, define p^^ : Lk ^ L^ by P^^ = graph p^*-* = {x +p'k^{x) : x G Lk} 
(if P^^ is perpendicular to P^, tilt P^^ slightly) and set 

(4.2) p« = hm {Ek)-^pf o cpk 

k^oo 

and P^*) = graphp(*\ where (pk '■ x {0} ^ R is such that graph = Lk. The limit exists, 
possibly after passing to a subsequence. Let P = P^^^ U P^^). Note that by (4.1), at most one of 
P(^) and P(2) can be perpendicular to R" x {0}. 

Now blow up the Mj^'s by Ek, to produce v'^,v~ : 53/2(0) — R as described in Section 3. 
Condition (3) says that graph ^^"^[^^(o) U graph f~|si(o) — 

Suppose ?^^|bi(o) = '^~Ibi{o)- Then w = ^{v~^ — v~) = on Pi(0) and hence by part (8) of 
Lemma 3.11, w = on 53/2(0). It follows from this and the fact that ^{V^ + v~) is harmonic ev- 
erywhere that graph v'^l 33/2(0) ~ graph ^'"iBy^jCO) = L D (53/2(0) x R) for some affine hyperplane 
L (in fact L = P^^^ 01 L = P^^^), so that in this case, for sufficiently large k, option (a) of the 
conclusion of the lemma holds with Mk in place of M and Lk = graph {(pk + Ek(p) in place of L 
where ip : R" x {0} — > R is such that L = graph (p. 

If on the other hand ^'"'"[^^(o) ^ ^ Isi(o)' then P must be the union of distinct affine hyperplanes 

and graph v~^\^_^(^q^ U graph 'L'~|^j(o) = P Ci (Pi(0) x R). Note that by Lemma 3.3, part (2), 
Pn(Pi(0) xR) C {(x',,t"+1) € R"+^ : |a;"+i| < C} where C = C(n). If supB^(o) \v+ -v-\ <t/2, 
we again have option (a) of the conclusion of the lemma with Mk in place of M and Lk = graph {'Pk + 
Ekp)) in place of L, where tp : R" x {0} ^ R is the affine function such that ¥'|_B3p(o) — \{v^ + v^). 
So suppose 



(4.3) 



sup 



\v'^ — V 



> t/2. 
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Denote by T the axis of P (thus T = P+ D P') and for a G (0,1), let N{a) be the tubular 
neighborhood of radius a around T. (Thus N{a) = {X e R"+^ : dist {X, T) < a}.) We claim that 
for each given r G (0, 1/2), fl {Bi(0) X R) must be embedded outside N(t) for all sufficiently 
large k. For if not, we would have a number r G (0, 1/2) and a subsequence of {M^} which we 
continue to denote {M^} such that (M^. \ iV(r)) n (-Bi(O) x R) contains a point = {Z'^,ZJ^^^) 
with 0Mj,(-^fe) > 2. The argument of the proof of Lemma 3.8 (with p = 1/2) then gives that 

where z = limfc^oo Z'j^, y = lim^^oo — (both limits exist after possibly passing to a subse- 
quence, the latter by Lemma 3.7), R = \x — z\ and ^ denotes radial differentiation. This implies 
that v'^{z) = v~{z) (= y), which is impossible since z G Bi{0) \ tt{N{t)) while any point z 
with v~^{'z) = v~(z) must be contained in 7r (F) H i?i(0). Thus, if {rfe} is any sequence of num- 
bers with Tfe \ 0, we can find a subsequence of {Mj^} (which we again denote {Mfe}) such that 
Mk n {Bi{0) X R) is embedded outside iV(rfc). 

Now blow up Mk n {Bi (0) x R) by the fine excess E}- = ^ /Mfcn(Bi{0)xR) dist^ {x^Pk) exactly as 
described in Section 6 of [Wic04a], and outlined in the paragraph below. Note that although in 
[Wic04a] M)^ are assumed to be free of singularities, this assumption is not necessary for the blow 
up argument of Section 6 of [Wic04a]. 

Thus, let be a rigid motion of R""*"^ such that (axis of P}.) = R"^-*^ x {0} x {0}, qk{o,]S) = 0, 
where is the nearest point of the axis of P^ to the origin of R"+^, and quLk = R" x {0}, where 
Lfc = graph ^ (p^ + ) . Following the notation of [Wic04a], Section 6, let h[.^'' = q^P^ r\{x^ > 0}, 
= 5fc Pk n {x^ < 0}, hJ^^) = qk P,; n {x^ < 0} and U^^'^ = qk P^ n {x^ > 0}. (Note that strictly 
speaking, in Section 6 of [Wic04a], the definitions of H^*^ are in terms of the blow-up {v'^,v~) = 
(p+,p~), and the fine excess (which is denoted (3k in [Wic04a]) is defined relative to the pair of 
afHne hyperplanes Pjf"^ = graph Ef^p'^ U graph EkP~ ■ Since here we need to prove improvement of 
the excess Ek defined relative to Pk — and not the improvement of excess relative to pjf^ — the above 
are the correct definitions of the half-spaces to adopt.) Now, exactly as in [Wic04a], Section 
6, we may express, by Allard's regularity theorem, q^ H (i?"^^(0) \ T^) = graph where 
5^*'* G C^(C/^*\ H^*'* "'"),i = l,...,4 satisfy the estimates as in [Wic04a], Section 6 and T^, uj^^^ are as 
defined there. Defining ^r^*-* , i = 1, . . . , 4 as in [Wic04a], Section 6, we obtain, as in [Wic04a], Section 
6, functions (the blow-up) w^'^\w^^^ G + D Bi{0)) , and g - f] Bi{0)) , where 

R"+ = {x G R" X {0} : > 0} and R"- = {x G R" x {0} : < 0}, such that E'^gl!^ w^^ 
for i = 1, ... ,4, where for each i, the convergence is in the C^-norm on each compact subset of the 
domain of w^*-* and also in the L^-norm on the domain of w^*-* . By Lemma 6.23 of [Wic04a] , the blow- 
up (restricted to a suitably smaller ball, say ^1/2(0)) consists of two harmonic functions 
w^^^^ and in the sense that the union of the closures of the graphs of w^^\ w^^^ in ^1/2(0) x R 
is the graph of a harmonic function w^^^^ over i?i/2(0) ^-nd similarly the union of the closures of 
the graphs of w^'^\ w^^^ in i3i/2(0) x R is the graph of a harmonic function w^^^) over Bi/2{^)- For 
X G R" X {0}, let /(i3)(x) = ?x;(i3)(o) + Dw^^^^O) ■ x, l^^^\x) = w'^^^\0) + Dw'^^^'^ ■ x and let the 
afiine functions h^j}^^ , h^^^^ : R" x {0} — > R be defined by closure H^^'' U closure H^^^ = graph /i^^^^ 
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and closure H^^"* U closure h[,^^ = graph . Set Pk = g^, ^ (graph {h^^^^ + E^l''^'^^ ) U graph (/i^^^^ + 
E^fcZ^^^))). Then, using standard estimates for harmonic functions, and the "non-concentration of 
excess" estimate of part (ii) of Lemma 6.22, [Wic04a], we conclude that 

(4.4) ^-"-2 [ dist^ (X, Pfc) < Ce'^El 

iMfcn(B(,(0)xR) 

for sufficiently large fc, where C = C{n). If we write, using our usual notation, = U P^, 
then, since sup^^j-Q) — > jtE^ (by (4.2) and (4.3)) and E^/Ek 0) we must have that 

P+ n P^" n (BeiO) x R) / for all sufficiently large k. 

Finally, note that conclusion (6)(i) of the lemma with Mk, Pk, Pk in place of M, P, P follows 

directly from the definition of Pk and conclusion (b){iii) with Mk, Pk in place of AI, P and ap- 
propriate functions G C'^{Bg{0) \ Sp^{9'^ /IQ)) in place of follows from Allard's regularity 

theorem and the fact that Ek,/ Ek ^ Q. □ 

In addition to the hypotheses of Lemma 4.1, if we also assume that G M, 0m(O) > 2 and that 
P = P"*" U P~ is a pair of hyperplanes (so that G P+ H P^), then the conclusions of the lemma 
hold with P = P"*" U P~ equal to a pair of hyperplanes (so that G P^ fl P~). This follows from 
the fact that under these additional hypotheses, we have for the fine blow-up the estimate 




where C = C{n), R = \x\ and ^ denotes the radial derivative, and w^^^\ w;(24) g^^g ^ j,^ ^j^g 
proof of Lemma 4.1 above. This estimate says in particular that t(;(^3)(0) = w^24)(o) = 0. since we 
have, by hypothesis, that G P^ H P^ for each k, wc immediately conclude that G P^ H P^ . 
(Notation as in the proof of Lemma 4.1 above.) The estimate (4.5) was first proved in [Sim93] (see 
[Sim93], Lemma 3.4 and [Sim93], Section 5.1, inequality (12)) and in view of Lemmas 6.21 and 6.22 
of [Wic04a], the same proof as in [Sim93] yields it here as well. 

Thus we have the following variant of Lemma 4.1. 

Lemma 4.2. Let 6 G (0,1/8), 5 G (0,1) and r G (0,1). There exists cq = eo{n,9,6,T) > such 
that the following holds. Suppose M E I^, ^ ^ M and 

(1) eM(o) > 2 

(2) ^"^":„ir>» <3-^ 

(3) EIj{3/2,L) = (I) " ^ fj^^^^^^^^Q^^^^dist^ {x,L) < eo for some affine hyperplane L with 
d-H (Ln (Pi(0) X R),Pi(0)) < eo and 

(^) /Mn(Bi(o)xR) d^^*^ ^) - eo^^if (3/2, L) for some pair of hyperplanes P = P+ U P~ . 

Then, either 
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(a) there exists an affine hyperplane L with d-H (Ln(i?i(0) xR), Ln(i?i(0) xR)) < CE'm (3/2, L), 
C = C{n), such that 

(l) [ dist2(x,L)<T^|^(3/2,L) or 

V^/ JMn(Bi/2(0)xR) 

(6) there exists a pair of hyperplanes P = U P such that 
(i) 

(i^(Pn (Bi(0) X R),Pn (5i(0) X R)) < C / dist2(x,P), 

iMnBi(0)xR 

(ii) 

JAfn(_Ba(0)xR) JMn(Bi(0)xR) 
(iii) M n ((5(?(0) \ Sp{e'^/IQ)) X R) = graph n+ U graph where, for a G (0, 1), 

Sp{a) = {x e R" X {0} : dist (x, tt (P+ n P')) < a}, 

M± G C2(5(,(O)\5p(0Vl6)) > ii- and, forx G B0(O)\5p(^Vl6), dist ((x, u+(x)), P) 

dist ((x, n+(x)), P+) and dist ({x, u'^{x)),P) = dist ((x, 'U^(x)), -P~). 
iJere C = C(n) > and vr : R"+^ ^ R" x {0} is the orthogonal projection. 



5. Regularity of blow-ups off affine hyperplanes 

In order to handle one case of the proof of the main excess decay lemma (Lemma 6.3) — namely, 
the case in which the "fine excess" of a hypersurface M G X(, (i.e. the height excess of M measured 
relative to a pair of affine hyperplanes) is of the same order as the "coarse excess" of M (i.e. the 
excess of M relative to a single affine hyperplane), which geometrically corresponds to the situ- 
ation where M has "lots" of self intersections distributed more or less evenly — it is necessary to 
understand, in sufficient detail, the asymptotic behavior of the 2-valued functions belonging to the 
class J-s- Our goal in this section is to do that. At the end of this section, we prove the following 
regularity theorem for any v £ J-g: 



Theorem 5.1. Let v = {v~^,v ) G ^s- There exists a relatively closed (possibly empty) subset Sy 
o/ -63/2(0) (the branch set ofv) such that 

(a) if Q, C i?3/2(0) \ Sv is open and simply connected, then there exist two harmonic functions 
v^jv"^ : — > R such that 

(graph i;"*" U graph t;~) n (fi x R) = graph U graph 

and 

(b) for each z E S^Ci Bi{0), there exists an affine function Iz ■ R" x {0} — ^ R such that 

p-"-' / {v^ - Iz? + {v- - hf < Cp^ [ {v+f + {v-f 

JBp{z) Jb^,^{0) 

for all p G (0, 1/64), where C, A are positive constants depending only on n and S. In fact, 
lz{x) = h{z) + Dh{z) ■ (x — z) where h = ^{v''^ + v''). (Recall that h is harmonic in ^3/2(0).^ 



We begin with a series of lemmas. 
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Lemma 5.2. v ) e o-n-d {z) = v (z) = y, then £z,p = p ^ /b — + — J/)^ 

is monotonically increasing as a function of p. Therefore, /C /g (z)'-^^ ~ ^-^^ ~'~ ~ ^-'^ — 
^ /bi(o)(^^)^ + (^~)^ ^ ^ ^ ^1/4(0) n Zy, and all p £ (0, 1/4) w/iere C = C{n). 

Proof. The first assertion follows directly from Lemma 3.13 and the estimate (3.38). The second 
assertion follows from the first and the estimate \y\^ < C /^^^g) which holds since y = h{z) and 
h = ^(■u'*' + v~) is harmonic in ^3/2(0). □ 

Lemma 5.3. Let ao G (0,7r/2), 6q £ (0,1). There exists e\ = ei(n,ao,5o) G (0)1) •S'wc/i that if 
Pq = Pq U Pq~ is a pair of hyperplanes with ao < ZPq < tt, {v^,v^) G J^g, v^{0) = v~{0) and 



[ (v+-p+f + {v--p-f<e, 

•JBi{0) 



then 1 < iV^,o(l) < 1 + (^o- 



Proof. Since ^"''(0) = ^"(0), the lower bound A^t,^o(l) ^ 1 follows from the monotonicity of N^fl 
and Lemma 3.13. If the upper bound fails to hold for some 6 £ (0,1), there exists a sequence 
Vk = {v^^'^k^ ^ •^'5' ^ ~ l!2,..., with v^{0) = v^{0), and a sequence of pairs of hyperplanes 
Pk = Pk U P^ with ao < ZPk < TT satisfying 

(5-1) / i-t-pt)' + i^k-Pkf<l 

JBi{0) k 
and yet Ny^,fi{l) > 1 + 5 for all k. In view of Proposition 3.3, part (2), the inequality (5.1) implies 
that j B-i_{o)^Pk)'^ ^Pk)"^ — ^ ^^^'^ ^ where C = C{n). Passing to a subsequence, Pk ^ P for 
some pair of hyperplanes P = P'^ U P~ with ckq < ZP < vr. By (5.1) again, the sequence {v^} 
converges to p = (p^,p^) in L^(i?i(0)), and by Lemma 3.1, the convergence is in W^'^{Bi{0)). 
Thus Ny^fi{l) Npfi[l). But since p is homogeneous of degree 1, Npfi{l) = 1. This proves the 
lemma. □ 

Lemma 5.4. Let 6 G (0, 1/8), 5 G (0, 1) and a G (0, vr). There exists a number e = e(n, 9, 5,a) G 
(0, 1) such that the following holds. If P = P"*" UP is a pair of hyperplanes of R""*"^ with 
TT > ZP >a, V = {v+,v-) G J's, = v-{0) = 0, 

/ dist^((a;,u+(x)),P) + dist^((x,v~(x)),P) < e and if 



{v+ -p^f + {v- -p-f <e, 

lBi{0)\Sp(e/16) 

where Sp{a) = |x G R" x {0} : dist {x, n (P^ DP )) < cr^ , then there exists a pair of hyperplanes 
P = P+UP- of R"+i such that 

(^)-"-2 [ dist'^{{x,v+{x)),P) + dist'^{{x,v-{x)),P) 

JBgiO) 

< C^Vsi(o) dist' i{x,v+ix)),P) + dist^ {ix,v-ix)),P) 

and 
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[ {v+- p+f + {v- - p-f 

JBg{0)\Sp{e'/\Q) 

^ /bi(0) dist' {{x,v+{x)),P) + dist^ {{x,v-{x)),P) 

HereC = C{n) G (0,oo). 

Proof. By the definition of JT^, there exists a sequence of hypersurfaces in with ^ ^^^2^ — ^ — 
3 — 5 and a sequence of affine hyperplancs converging to R" x {0} such that EM^i^f^j -^fc) ~^ 
and the blow-up of {Mk} off {Lk} (as described in Section 3) is {v^ ,v^). Since f^^(o)\S'— (9/16) ~ 

e = e(n, a) is sufficiently small, it follows from Lemma 3.11 part (8) 
that v'^ ^ v~ in any ball -Bct(O), < a < 1. Thus, since v'^{0) = v~{0), we have by the re- 
mark following Lemma 3.8 that possibly after taking a subsequence of {k} which we continue 
to denote {A;}, there exists Zk = {Z'^,Z^+^) € n (-Bi(O) x R) such that &Mk{Zk) > 2 and 

Z'l^, -| — 1 — (0,0). Let Mfe = r]Zf.,i-\Zk\ ^k- By the monotonicity of mass ratio, for sufficiently 

large fc, ^"^^^^fl < 3-(5/2 and the blow -up, as in Section 3, of the sequence of hypersurfaces 
Mfe off the sequence (1 — \Z}^\)~^{Lk — Z}~) of affine hyperlanes is also {v'^ ,v~). Thus, by replacing 
the original sequence with M^, we may assume that G and 0Mfc(O) > 2 for all k so that 
the hypotheses (1) and (2) of Lemma 4.2 are satisfied with in place of M and 6/2 in place of 5. 

By hypothesis we have 

/ dist^((x,'y+(x)),P)-Fdist^((a;,w'~(x)),P) < e 
e squ£ 

for sufficiently large k, that 

(5.2) / dist^ { {^ Jky->-ky-> ),p)+dist^ I (x, ^^^T'^"^ |,P| <46 



'i?i(0) 

which together with the squared triangle inequality dist^ (X, P) < 2dist^ {Y, P) + 2\X — V^^ implies. 



t^^MM.] A +dist2 ( (^/.(^K(^) 

/i?i(o) VV Ek \\ Ek 



where the notation is as in (3.4) and (3.12). Let Pk = graph ^^^p^ U graph E^^p . Then 
dist2(X,Pfe) = f dist2(X,Pfe) 



I 



Mfcn(Bi(0)xR) JG+n(Bi(0)xR) 



+ dist2(X,Pfe) 
JG^n(Bi(0)xR) 



1(0) 

(5.3) +ci;?+'' 



+ / dist2(X,Pfe) 

^(Mfc\Gfc)n(Bi(0)xR) 
< C dist2((a:,^fc(x)u+(x)),Pfe)+dist^((x,^fe(x)^x^(x)),Pfe) 

JBi(O) 
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where C = C{n). The inequahty in the above follows from the estimates (3.9), (3.10) together with 
the general fact that if L = graphs is a hyperplane of R"'^-'^, where £ : R" x {0} — R is given by 
£{x') = a - x' for some a G R" x {0}, then for any point (x', x""*"-*^) G R""^-^ and any number A > 0, 

(5.4) dist^ ((x', Ax"+i), L^) = ^iiiJ^dist^ ((x', x"+i), L), 

where = graph A£. By the inequalities (5.2) and (5.3), we have that for all sufficiently large fc, 

(5.5) / disi^ {X^Tk) <CeEl. 

JMfcn(Bi(0)xR) 

Now note that there exists a constant Ci G (0, 1) depending only on a such that 

(5.6) dn (Pn (5i/2(0) X R),L n (^1/2(0) x R)) > Ci 

for any affine hyperplane L. In view of (5.5), given any r G (0, 1), if e = e(n, 9, 6, r) is sufficiently 
small, we may apply Lemma 4.2 with 9 = 9, P in place of P^, 5/2 in place of 5 and Mj^ in place of 
M. Lemma 4.2 then gives for each A; either a pair of hyperplanes Pk = P^ U with 

(5.7) {Pk n (Bi(0) X R),Pfc n (Si(0) xR)<C [ dist' (x,Pfe) 

JMfcn(Bi(0)xR) 

such that 

(5.8) / dist^ (x, Pfc) < dist2(x,Pfc) 

where C = C{n), or an affine hyperplane with dn {L^ D (-Bi(O) x R), n (-Bi(O) x R)) < CEk, 
C = C{n), satisfying 

(5.9) / dist^ {x,Lk)<TEl. 

JMfen(Bi/2(0)xR) 

However, if (5.9) holds for infinitely many k, we see by dividing (5.9) by and passing to the limit 
as A; — 00 that /b^(o)(^^ ~ + (^~ — ^)^ < t for some affine function £, which, in view of (5.6), 
contradicts the hypothesis jBi(o)\s-(e/i6) (""^ ~P^)'^ + —P~)^ < ^ provided r = r(n, Ci) G (0, 1) 
(hence r = r(n,a)) is chosen sufficiently small. (Here Ci is as in (5.6.)) Thus if e = e{n,0,S,a) 
is chosen sufficiently small, option (5.9) cannot occur for infinitely many k, and hence we must 
have (5.8) for all sufficiently large k. It follows, upon dividing the inequality (5.8) by and 
letting A; — > 00 after possibly passing to a subsequence, (and using the estimates (5.3), (5.7) and 
7^"((Mfc \ Gk) n (Si(0) X R)) < CeI'^^) that for some pair of hyperplanes P, 



TT-n-2 



/ dist^ ((x, v+{x)), P) + dist^ ((x, ^-(x)), P) 



'%(0) 

(5.10) < Cf /g^(Q) dist^ {{x,v+{x)),P) + dist^ {{x,v- {x)),P) 

where C = C{n). The remaining claim follows directly from conclusion {b)(iii) of Lemma 4.2. The 
lemma is thus proved. □ 
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The next lemma says that if the graph of w = ^{v^ — v~) stays close, in -Bi(O) x R, to a pair of 
n-dimensional half-spaces of R"''"-'^ meeting at an angle < tt along an (n — l)-dimensional axis, and 
if Zyj is the zero set of w, then Zy^ n -61/2(0) cannot have too large a gap. 

Lemma 5.5. Let {v'^,v'') G Ts> w = \{v'^ — v~) and^ G (0,1/2). Suppose that J^^fj^^{w — L)'^ < 7 
where L : R" x {0} R"*" U {0} is such that graph L is equal to the union of two n-dimensional 
half-spaces 0/ R"+^ meeting along R""-*^ x {(0,0)}, each making the same angle [5 G (0,7r/2) with 
R"x{0}. If Briq) n Zyj = $ for some q e (R"^^ x {(0, 0)}) n B;'+^(0) andr>0, then r < C^i^'^'^ 
where C depends only on n and p. 

Proof Let Q = {x e Bi{0) : \w{x) - L{x)\ > 7^4}. Since Jb^^o){w - Lf < 7, it follows that 

(5.11) £"(Q) < 7V2. 

Suppose Br{q) n = for some q G (R""^ x {(0,0)}) n -81/2(0) and r > 0. Then by Propo- 
sition 3.11, part (6), w is harmonic (and positive) in Br{q), so that by the Harnack inequality we 
have that 



(5.12) s^Ps./aW ^ ^ 3" infBr/2(<?) ^• 

With n = ii{n) G (0, 1/2) to be chosen, let A = £"(-Bi(0) n (R"~i x [-/i,/i])). If r is such that 
A (§)" > 7"^^^, then in view of (5.11), there must exist a point xq G -Br/2(g)n(R"~-'^ x [— //r/2, //r/2]) 
with \w{xo) - L{xo)\ < 7^/^. Then, w{xo) < 7^/^ + Ci/ir where Ci = Ci(/3), so that 

(5.13) inf5,,/^(,)t«<7V4 + Ci/xr. 

On the other hand, choosing ^u' = /x'(n) G (0, 1/2) such that A' = /:"(5i(0)n(R"-i x [-/i', //'])) < 
if r also satisfies (a;„ — A') (0" > 7^/^, then, again in view of (5.11), there must exist a 
point xi G Bj./2{q) \ (R"~^ x [-/x'r/2, AiV/2]) such that \w{xi) - L{xi)\ < 7^^. Then w{xi) > 
L{xi) — 7-*^/^ > Cifx'r — 7^/^ and hence 

(5.14) supB^^^(q) w > Cin'r - 7^^. 

Taking /x = 1^ and combining the inequalities (5.12), (5.13) and (5.14), we then have that 
r < C7V4 where C = C{P, n). Thus in all cases, r < 07^2". □ 



Lemma 5.6. Let a G (0, vr) and 5 G (0,1). There exist numbers e = e{n,5,a) G (0,1) and 
K = n{n,a) G (0, 1) such that the following is true. If Pq = P^ U Pq is a pair of hyperplanes 
with a < ZPq < 7^, Pq +Pq = 0, and if {v^,v~) G J^s satisfies f^(0) = v^{0) = 0, and 
/si(o)(^^ ~ Po)^ + (■^^ ~ Po)^ — ^> then there exist two harmonic functions vi,V2 '■ Bk{0) — ^ R 
such that v'^\b^(^o) ~ ^fla;{wi,W2} and = min{vi,V2}- Furthermore, the vanishing order of 

vi — V2 at any point z G -6^(0) where vi{z) = V2{z) is equal to 1. 
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Proof. The hypotheses 

(5.15) / {v+ -p+f + {v~ -po)^ <e 

JBi{0) 

and a < ZPq together with the fact that = /^^(o)^^^)^ + )^ — (1)"^^ (Proposition 3.3, part 
(2)) imply that 

(5.16) A</ (p+)2 + (po)'<2f|y^' + 2e 
for some A = A{n, a) > 0, and consequently that 

JBi{0) ^ 4 

provided e = e(n, a) < A/4. 

Set Po = graph U graph and S^^'^ = {x G x {0} : dist {x, tt (Pq n Pq )) < 6'/16}. 
Note that inequality (5.15) implies that 



(5.18) / dist2((x,?r+(x)),Po) + distmx,v^ix)),Po) 

Jbi (0) 



A' 



(notation as in (3.28)) which of course in particular says that 

(5.19) / {vt - P^f + {vi - Po? < (I) 
Since ZPq g [a,7r) and Sf < (|)"^^, we have that 

(5.20) ao<ZPo<7r 

for some = olo{n, a) > 0. Now choose 9 = 6{n) G (0, 1) such that 

ce<l 

4 

where C = C{n) is as in Lemma 5.4. If we then choose e = e(n, S, a) so that 

2\-"-=' 4e 



(5.21) i^-j -<e{n,e,S,ao) 

where e is as in Lemma 5.4, we may apply Lemma 5.4 with Pq in place of P, in place of a, 6 in 
place of 9 and vi in place of v to conclude that there exists a pair of hyperplanes Pi such that 
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JBg{0) 

(5.22) <Ce^ Jj^^^^^dist'^{{x,v+{x)),Po)+dist^{{x,v^{x)),Po) and 

(5.23) < Jbi(o) dist' ((x,iy+(x)),Po) + dist^ ((x,^yr(x)),Po) 
where C = C{n) is as in Lemma 5.4 and Sp^{a) = {x eBP x {0} : dist (x,7r (Pj^ n Pf )) < a}. 

Now, if e < ei(ra, a, 1/2) where ei is as in Lemma 5.3, we have by Lemmas 5.2, 3.5 and 5.3 that 

(5.24) 1 > 4 ^ ^2(7V4i)-i) > ^_ 
Setting 

Pi = graph -^pf U graph — p^J", 

we conclude from (5.22), (5.23), (5.24) and (5.4) (with A = |^ G [1, Q-^/^], so that dist^ {{x', Aa;"+^), L 
ei-^dist^ ((a;',a;"+^),L), where L, are as in (5.4)) that 

/ dist^ {{x,v+{x)),Pi) + dist^ {{x,v^{x)),Pi) 

JSi(O) 

< C^/s^(o) dist^ ((x,?f+(x)),Po) + dist^ {{x,v^{x)),Po) 

(5.25) < 4-ie2 and 



Jb, (o)\sw 



V^ft - P^ ) -r y tJa ^'^ 

/Si(0)\S(i) 

< ^^/si(o) dist' i{x,vt{x)),Po) + dist' ((x,iyr(x)),Po) 
(5.26) < 4-^62 

where S^^^ ={xeBJ'x {0} : dist {x,Tr(Pt n P^) < ^/16} and 62 = (f)"^""^ 

We claim that for each j = 1,2, ... , we can find a pair of hyperplanes Pj such that 



/ dist' ((X, V+ (X)), Pj) + dist' ((X, Vgj {x)),Pj) 

JBi{0) 

(5.27) < C9 I dist' ((x,u+_i(x)),Pj_i)+ dist' ((x,?i'-._i(x)),Pj_i) and 

-'Bi{0) 

/ (^^^-p;)'+(^^,-.-^7)' 

./Bi(0)\50) 

(5.28) < ce [ dist' ((x,^y+i(x)),Pj_i) + dist' ((x,^y-_i(x)),Pj_i) 
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where S^^^ = {x G R" x {0} : dist (x, vr (P^ n Pj )) < 9/16}. We prove this by induction. Note 
that by (5.25) and (5.26), the assertion is true for j = 1. Suppose that it holds for ah j = 1, 3, . . . , i 
for some i. Thus 



/ dist^ {{x, v+ (x)), Pi) + dist^ {{x, v~, ix)),Pi) 

< C9 [ dist2((a;,^y+ i(a;)),Pi_i) + dist2((x,?^-,_i(x)),Pi_i) 
{Cey [ dist''{{x,vt{x)),Po) + dist''{{x,vYix)),Po) 

•JBi (Q) 



< 

'Bi(O) 

(5.29) < 4-^62, 



Jbi{0)\SO) 

< Ce [ dist2((a;,^y+ i(x)),P,_i) + dist2((x,^y-_i(x)),P,_i) 

Jb, (0) 



IB,{0) 

(5.30) < 4-^62 and 



(5.31) / (^y+,_i - p+_i)' + iv-,_, - pj_,f < 4- 



for _7 = 1, 3, . . . , i. Writing Pj = graph g ^\ p^ U graph g ^\ pj and using the fact that Sgj < Sgj-i 
(by Lemma 5.2), we see from the inequahty (5.30) that 

(5.32) ^-"-2 / {v+_, - p+f + (iy,-_, -pjf< 4-^62 



for j = 1, 2, . . . , i, which together with the inequahty (5.31) imphes, by the triangle inequality and 
homogeneity of Pj, Pj-i, that 

(5.33) [ (p+ - p+_,)^ + {p-J - pj_,f < Ci4-(^-i)e2 

J Bi(0) 

for J = 1, 3, . . . , z, where Ci = Ci(n, a). Therefore, 



(5.34) Wpl-pJh^iBm) > \\pt-i-pJ-i\\LHB,m-'^\/Cie22-^^-'^ 
and hence, by the definition of and the fact that £qj < Sqj-i, 

(5.35) \\pt-pJ\\LHB,m > -p7-iIIl2(Bi(o)) - 2y^2-(^-i). 
Summing over j, we conclude from this that 



(5.36) \\pf - p^ ||l2(Bi(o)) > WPo - Po 11^2(51 (0)) - 4-\/ Cies. 
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By inequality (5.30), Proposition 3.3, part (2) and homogeneity oip^, it follows that /^^(o)(^/ ~'~ 
Pj)'^ ^ C for some fixed constant C = C(n) G (0, oo), and hence, provided e = e(n, a) is sufficiently 
small, we have from the estimate (5.36) that 

TT > ZPi > p 

where /3 = (5{n, a) G (0, 7r/2) is a fixed angle. Thus, since (w^ , u^ ) G we may apply Lemma 5.4 
with 9 in place of 9, b in place of a, {v^i,Vgi) in place of {v'^,v'') and Pi in place of P to conclude 
that there exists a pair of hyperplanes Pj+i such that 

^"""^ / dist\ix,v+{x)),Pi+i)+dist^ {ix,vZ{x)),Pi+i) 

(5.37) < C02jsi(o)dist'((x,iJ+(x)),Pi)+dist2((x,iy-,(x)),P,) and 



/ (iy^-i^++i)2 + (iy,--j^r+i)' 



(5.38) < C0Vbi(o) dist' ((x,iy+(x)),Pi) +dist2 ((x,^y-,(x)),PO- 

It follows from the triangle inequality, the inequalities (5.30), (5.38) and homogeneity of -P^+i, Pi 
that 

(5.39) [ (p+ 1 - pff + {pT+i - p-f < C,4-% 
where Ci = Ci(n,a) is as in (5.33). 

Note again that by Lemmas 5.2, 3.5, the monotonicity of the frequency function Ny(-) and 
Lemma 5.3, we have 



(5.40) 1 > ^ > > 



so setting Pj+i = graph ^ pf+i ^ graph ^ and using the bound (5.40), we obtain from 

(5.37), (5.38) and (5.4) that 

/ dist^ ((x, 1 (x)), Pi+i) + dist^ ((x, vZ+^ (x)), P^+i) 

.^Bi(O) 

(5.41) < C9jj,,^. dist2 ((x,S'+ (x)),P,) + dist2 ((x,iy„,(x)),P,) and 



Bi(0)\5(<+1) 

(5.42) < C^/b^(o) dist' + dist' {{x,v-^{x)),Pi) 

where S'('+^) = {x G R" x {0} : dist (x, tt (P,^ n P~)) < 6'/16}. This completes the induction. 



Wc thus obtain a sequence of pairs of hyperplanes Pj, j = 1, 2, 3, . . . satisfying (5.29) and (5.30). 
= graph 



Now let Pf = graph Then (5.29), (5.30) and (5.4) say that 
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-e^ / dist^ {{x, v+{x)), Pj) + dist^ {{x, v-{x)), Pj) < 4-^ - €2 and 

(2 \ -n-2 p /r)\ n+2 

3 / Js2g^(o)\5p.(e^+i/24) V^y 

for all J = 0, 1, 2, ... , where we have used the fact that Sqj < S\ < (f)"'''^ • By the triangle inequality 
and the homogeneity of Pj, -Pj-i, (5.44) implies that 

(5.45) I|(p+,p7) - (p;-i,p-_i)llL2(Bi(0)) < C4-(^-i)e2 

where C = C{n,a). i.e. that {Pj',pj) is a Cauchy sequence. Hence there exists a pair of hyperplanes 
P such that Pj — P. We then have by the triangle inequality and the inequalities (5.43), (5.44) 
and (5.45) that 

(5.46) (-0J)-"-2 [ dist'^iix, v+{x)), P) + dist'^{{x, v-{x)), P) <C4:-^e, 
3 JB2,jiO) 



(5.47) (leA [ {v+ -p+f + {v- -p- f <C4-^e and 

V3 J 7B2,,(0)\5p.(e^+i/24) 

(5.48) IKp.^'^'J) - (p'*",P~)IIl2(Bi{0)) < C4-^e 

for all j = 0,1,2,..., where C = C(n, a). Now, given any p G (0,1/4), there exists a unique 
non-negative integer j* such that ^9^ < p < ■ Using the estimates (5.46), (5.47) and (5.48) 
with j = j*, we obtain that 

(5.49) / dist^ {{x, v+ (x)), P) + dist'^ ({x, V- (x)), P) KCpf^e, 

(5.50) /9-"-2 / (u+ - p+f + {v- - p-f < Cp^e and 

JBp{0)\Sp., (p/16) 

(5.51) 11(4,^70 - {p-^,p-)\\LHBm) ^ c-A 

where C = C{n, a) > and = /i(n, a) > 0. Since (5.51) implies 

(5.52) dn {Tp., n Pp(0), Tp n Pp(0)) < Cp'+'^e 

where C = C(n, a) and Tp denotes the orthogonal projection of the axis P+ fl P~ of P onto 
R" X {0}, we deduce from (5.50) that 

(5.53) f {v+ - p+f + {v- - p-f < Cffe and 
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provided Ce < 1/16, where C is as in (5.52). Thus, we have the estimates (5.49) and (5.53) for all 
p G (0, 1/4] provided e = e(n, a) G (0, 1) is sufficiently small. Note also that (5.48) in particular 
says 



(5.54) ||(P+,P-) - (pJ,Po )lk2(Bi(0)) < Ce 

where C = C{n,a), which implies that if e = e(n, a) is sufficiently small, P must be a transverse 
pair of hyperplanes with a/2 < Z P < tt. Hence, provided e = e(n, a) G (0, 1) is chosen sufficiently 
small, the estimate of Lemma 3.10, part (5) together with the estimate (5.53) implies that 



(5.55) Zy, n {Bp{0) \ Sp{p/8)) = for each p e (0, 1/4] 

where Zyj = {z : v'^{z) = v~{z)}. i.e. that Zy^ D ^1/4(0) is contained in a cone with vertex at the 
origin, axis the orthogonal projection of the axis of P onto R" x {0} and with a fixed cone angle 
depending only on n. 

Next we argue that provided e = e(n, cc) is sufficiently small, the decay estimates (5.49), (5.53) 

and the cone condition (5.55) hold uniformly for each "base point" z G Zyj sufficiently close to the 
origin, with a unique choice of a pair of affine hyperplanes Pz depending on z. So let z G 5^/4 (0) be 
such that v^{z) = v^{z). Set V^'^^^(x) = ''jfi/2i^) ^ ^ -^i(O) where the notation is as in (3.29). 
Then (y(^) + , y(^) -) £ and y(^)=^(0) = 0. Note that by the standard estimates for harmonic 
functions we have that, since y = h{z), 




(5.56) \y\, \Dhiz)\ < C\z\ / (v+Y + (y-y ] < C\z\ 

for all z G -61/4(0), where C = C{n). Also note that it follows from the inequality (5.15) that 
provided e = e{na,) G (0, 1) is sufficiently small, 

(5.57) C > f > 
where C = C{n) and C = C{n,a). 

Now set p^^^'^^x) = 2F^7^Po'('^)- Then vr > ZP^^^ > 5, where a = a{n, a) > 0. It is then easy to 

see directly from the definition of V^^^^ and the estimates (5.56) that there exists 7 = 7(n, a) > 
and K = K{n, a) > such that for all z G Bi^{0) with v^{z) = v~{z), 

on+2 (• 1 

< / {v^{x)--vt{^x-z)f 

+ i'^'i^) - ^Po (3x - z)y dx 



< 



2 ■ 3"+^ 
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(5.58) < e 

where C = C{n,a) and e = e(n, 5) is as in the argument (with a in place of a) leading to the 
estimates (5.49) and (5.53), provided /bj(o)('^^ ~Po)^ + ("^^ ~Po)^ ^ 7^- 

Therefore, if the hypotheses of the lemma are satisfied with ■ye in place of e, we may repeat the 
argument leading to the estimates (5.49), (5.53), (5.54) and the cone condition (5.55) with y(^)='= 
in place of and p^^^^ in place of p^. This will yield for each z G -8^(0) with v~^{z) = v~{z) a 
pair of transverse hyperplanes Pz = U P~ satisfying 

(5.59) / dist^{{x,v+{x)),{z,y)+P,) + dise{{x,v-ix)),{z,y)+P,)<Cp^'€, 

JBp{z) 

(5.60) / {v+{x) - {y+pt{x - z))f + {v-{x) - {y+p-{x - z))f < Cffe, 

J Bp{z)\S(,^y)+P^{p/S) 

(5-61) ||(p+,pj) - (p(}",Po)||i,2(Bj(o)) < Ce and 

(5.62) Z^, n {Bp{z) \ 5(,,^)+p^(p/8)) = 
for aU p e (0, 1/12). Here y = v+{z) = v~{z) and C = C{n,a). 

Note that by the estimates (5.60), (5.61), Lemma 5.2 and the triangle inequality, it follows that 
for each z G S«(0) and p G (0, 1/12), 

(5.63) C < 8,,p < C 
for fixed C = C{na) > and C = C{n) < oo. 

Next we assert that Zyj n B^/2(0) projects fully onto the axis Pq" PI Pq PI 5^/2(0)- To see this, 
first note that since Pq +Pq = by hypothesis, wc have that P^ H Pq~ C R"" x {0}. For notational 
convenience, (and without loss of generality, by making an orthogonal rotation of R" x {0}) let us 
assume that Po+ n Pq = R""! x {(0,0)}. If there is a point (^,0,0) G (R"-^ x {(0,0)}) n P«/2(0) 
with p-^(^,0,0) nZ^ = il), where p : R" x {0} ^ R'^"^ x {(0,0)} is the orthogonal projection, 
then, since Zyj is a closed set, there must exist r > such that 

(5.64) (-8""^^, 0, 0) X R X {0}) n = and 

(sr'(e,o,o) xRx {O})nZ^7^0. 
Choose z G (S^"\^,0,0) x R x {0}) nZ^. 

Note next the following fact: Let ai G (0, vr). Then for any given rj, there exists ( = ({ai,T]) with 
C i as r/ 1 such that if w = {v'^ ,v~) G J^s satisfies /^^(g) dist^ {{x, i;+(x)), Pi)+dist^ {{x, v~ {x)),Pi) < 
(and /^^(o)\s'p (i/8)('^^ ~Pt)'^ ~Pi)^ — C foi^ some pair of hyperplanes Pi with ai < ZPi < vr, 
then /bj(o)(^ ~ -^i)^ — ^ where w = ^{V^ — v~) and Li = ^{pf — Pi )- (This can easily be seen 
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by arguing by contradiction.) Since the estimates (5.59) and (5.60) say that for each p G (0,1/8), 
/5^(0)dist2((x,?^+,(x)),Pi''))+dist2((x,?^-,(x)),Pi'')) < Cp^6 and/^^(o)^^ ^^^^^ +)2 + 

{v~p — pf^ )^ < Cp'^e where pf^^ = Y~pt and the estimates (5.63) say that Pz^^ satisfies 
ai < ZPz''^ < TT for some ai = ai{n,a) > 0, it folfows that for any given 77 G (0,1/2), there 
exists p = p{n,a,r]) g),1/2) such that /_b^(o)('"^^'P ~ -^z'''*)^ ^ V where Wz^p = ^{vf^p — '^z,p) and 
h'f^ = ^{Pz^'^~^ — Pz^^ ). Thus, we may apply Lemma 5.5 with v^^p in place of for a suitable 
choice of sufficiently small p G (0,r/4) to arrive at a contradiction of (5.64). (Note that here we 
have also used the fact that it{Pz'^^'^ PI Pz'^^~) remains close to Pq n Pq as p | 0, which follows 
from the estimate (5.61).) Hence Zy, n 5^/2(0) must have full projection onto Pq PI Pq PI 5^/2(0)- 

It then follows first from the estimates (5.59), (5.61) and (5.62) that H -6^/2(0) is equal to a 
Lipschitz graph (over Pq n P^ n -B„;/2(0)) and then by the estimate (5.60) that this graph is C^'^. 
This implies directly that the union of the graphs of v~ over -6^/2(0) is equal to the union of 
the graphs of two harmonic functions v^,v'^ : B^i2{G) R- Specifically, if we let denote the 
two components of 5^/2(0) \ and define a function on i?K/2(0) by setting v^{x) = v^{x) if 
X G r^"*", and v^{x) = v~{x) if x G we see first by (5.59) that G C^(-B^/2(0)) and then by 
integration by parts that /^^/^(o) Dv^ ■ DC = ^B^i^{o)m+ " + !b^/^(o)cMI- • = for 
every C, G C^(i?K/2(0))- Thus is harmonic. Similarly, we may define : i?^/2(0) — > R- by setting 
v^iyx) = v~{x) if X G Jl^, and v^(x) = v~^{x) if x G 0~, and check that v"^ is also harmonic. 

Finally, since by (5.59) and (5.60) the tangent planes to the graphs of and v'^ at any point 
{z,y) where v^{z) = v'^{z) = y are transversely intersecting, it follows that the vanishing order of 

— at such a point must be equal to 1. Thus the lemma holds with k/2 in place of n and 76 
in place of e. □ 

Definition: Given v = [v^ ,v^) G J-^^ we shall call a point z G ^^3/2(0) a branch point of v if there 
exists no (7 > such that (graphs"'" U graphs") n {B„{z) x R) is equal to the union of the graphs 
of two harmonic functions over B^{z). 

Remark: It follows directly from Proposition 3.3(2) and Proposition 3.11 (5) that if 2; is a branch 
point of f = (u+,t)^), then z G Z^, i.e. that v'^{z) = v^{z). Furthermore, if v'^ = v~ , then v"^ are 
each harmonic, so no point z G ^3/2(0) is a branch point in this case. 

Using Lemma 5.6 and adapting techniques due to L. Simon [Sim93], we establish in the next two 
lemmas crucial uniform asymptotic decay estimates for any function G at a branch point. 

Lemma 5.7. Let S G (0, 1). There exists a constant c = c(n, 5) > such that the following is true. 
Ifv = {v+,v-) G J^s, v~^{0) = = 0, Dh{0) = 0, where h = l{v+ + y-), and if either 

(a) the origin is a branch point of v or 

(b) w ^0 and Afw{0) > 1; where w = ^{v~^ — v~), 

then 

VBi(0)\Si/2(0) \ J \ oK J 7bi(0) 
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Proof. If the lemma is not true, there exists a sequence of functions Vk = € J^s satisfying 

^fc^(^) ~ ^fc (^) ~ ^ Dhk{0) = where hk = ^{v^ + ^fc )' such that for each k, either the origin 
is a branch point of Vk (in which case Wk ^ 0, where Wk = ^{v^ — ) or u;^ ^ and A/'«,j,(0) > 1, 
and 



(5.65) 

Let ^ix) = 'i 



i?l(0)\i?l/2{0) 

_ 3 -fe 



dR 



dR 



/ JBi(O) 



'»±{2xV3) 



Then = {V^^v^ ) G and by Lemma 3.1, after passing 

to a subsequence which we continue to denote {fc}, i^^^v^) ~^ 
convergence is in ^■'^'^(^^■(O)) for every a G (0,3/2). By (5.65), 



{v'^,v ) E J^s where the 



(5.66) 



dR J 



dR 



< 



1 /3 



k \ 2 



n-2 



'i?3/2(0)\B3/4{0) 

We claim that v cannot be identically equal to zero on -Bi(O). To see this, first note that for any 
r,s G (3/4, 3/2) and lo G S"~\ we have that 



d{vk{Ruj)/R) 
OR 



dR 



< 



3/2 



3/4 



diVk{Ri^)/R) 



dR 



dR 



which implies, by the triangle inequality, Cauchy-Schwarz inequality and the fact that r, s G 
(3/4, 3/2) that 



/ p3/2 

\vk{ru;)\^<c{\vk{suj)\''+ / i?""' 
\ -^3/4 



divkiRio)/R) 



dR 



dR 



d(vk/R) 



where c = c(n) G [l,oo). Integrating this with respect to u yields 

/ \vk{rco)\'^du; < c i / \vk{suj)fdu; + I 

where c = c{n) G [l,cx)). First multiplying both sides of the above by r"^"*^ and integrating with 
respect to r over the interval (3/4, 3/2), and then multiplying both sides of the resulting inequality 
by s"^^ and integrating it with respect to s over the interval (3/4, 1) gives 



dR 



\vk\ < c 



d{vk/R) 



S3/2(0)\B3/4(0) \7Sl(0)\S3/4(0) ^S3/2(0)\B3/4{0) 

where c = c(n) G [l,oo). Since 1 1 '^^fe 1 1 12(^^^2(0)) ~ (1)"^ ' ^^^^ implies that 



dR 



n+2 



d{vk/R) 



.2; \Jbi{o) 7^3/2 (o)\B3/4(o) dR 

which in view of (5.66) immediately implies that ^ in i?i(0). Hence, by Lemma 3.11, part 
(^)' fdB (0) 1^1^ ^ ^ P ^ (0)3/2). By (5.66) again, v is homogeneous of degree one in the 

region Bi \ -B3/4 which implies that N^,^q{p) = 1 for 3/4 < p < 1. (This can be seen easily by 

the expression N^fl^p) = ^2/"^^"i |-j p where Vp{x) = v{px)). By Lemma 3.13, A/Vj.(0) > 1, and 
hence by Lemma 3.14, we have that A/'^(0) > 1. Hence by monotonicity of A^-y,o(0) it follows that 
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^vfiip) = 1 for every p G (0, 1). By Lemma 3.6, this means that v is homogeneous of degree 1 from 
the origin, and hence by lemma 3.12, graphs + U graph u~ = Pi U P2 for hyperplanes Pi, ^2- Thus, 
if v'^ is not identically equal to by Lemma 5.6, for sufficiently large k, v'^ = max{f^,u^} and 
v'j^ = min {7;^, in Pk(0) for some k > 0, where v^., vf. are harmonic functions in 5^(0), each 
equal to zero at the origin, and with the difference v\ — v^. having vanishing order at the origin 
equal to 1. But this contradicts either of the hypotheses that has a branch point at or that 
J^wki^) > 1- Thus we must have that = v~ = L for some linear function L. But then since 
Dhk{0) = for every k, where hk = ^{v'^ + '^fc )' hk ^{v~^ + v~) smoothly in Pi(0) (since 
hk are harmonic with uniformly bounded L^(i?3/2(0)) norm), L would have to be identically zero, 
which is impossible. The lemma is thus proved. □ 

Lemma 5.8. Let v = {v^,v~) G J^Sj v~^{0) = v~{0) = 0, and suppose either that the origin is a 
branch point of v or that Afw{0) > 1. Then 

/ iv+ - If + (v- - If < Cp" [ (v+f + {v-f 

for some linear function I : R" x {0} R and all p € (0, 1/16). In fact, l{x) = Dh{0) ■ x where 
h = ^{v+ + V-). Here C = C{n,6) G (0,oo) and v = v{n,S) G (0,1). 

Proof. Let l{x) = Dh{0) ■ x. Note that there exists C = C{n) such that 

/ \ 1/2 

(5.67) \Dh{0)\<cl [ (^;+)' + (^;-)' I <C. 

By the definition of J-g, there exists a sequence of hypcrsurfaccs Mk G lb and a sequence of 
affine hyperplanes R" x {0} such that the blow-up of {M^} by the height excesses of Mk 

relative to (as in Section 3) is (f^, v~). For each k, let Ik : R" x {0} ^ R be the affine function 



such that Lk = graph /fc. Let ^le the blow-up produced by blowing up the M^s by their 

height excesses E^^ relative to the affine hyperplanes given by graph (1^ -|- Ekl)- Since by (5.67), 
< C, where C = C{n) < 00, we have that 

where < C/ < C = C(n) < 00. (Note that here we are assuming that not both v+, v~ are identical 

to Z; if this were the case, the lemma is trivially true.) It then follows that since [v'^^yV'^j^ G J^s 

(by the definition of .F5), all the properties and estimates wc have established for (;;+, 1;^) will hold 
with — I in place of v'^. In particular, Lemma 3.8 (with z = 0, y = 0) holds with — I, v~ — I 
in place of . Thus 

(5.68) / ( ' + ( ^i^) ' < Cp-^ I [V- - If + (.- - If 

for all p G (0,1/8), where C = C{n). On the other hand, applying Lemma 5.7 with {V'^,V~) = 
("p -^.-"p -0 g -p^ place of (i;+, v"), where vf(x) = ,„ ^/^. v'^i^px) (noting that, 

(p— '/sp(o)(-+-0=^+{-;-02) ^ ^ ^ 

by definition of I, DH(0) = where H = i(y+ -|- V')), we have that 



A REGULARITY AND COMPACTNESS THEORY 



49 



JB2p/i{o)\B,,-M \ oH J \ dK J ^£2^/3(0) 
where c = c(ra, 5) > 0, which gives, since R = \X\ < 2p/3 for X G B2p/3{0), that 

(5.69) 

•>'B2p/3(0)\Bp/3(0) \ J \ dU J ^B2p/3(0) 

Replacing p with 3p/2 in the inequahties (5.68) and (5.69), and combining them gives 



J Bp(0)\Bp/2{0) \ 9R J \ 9R J 



for p G (0, 1/12). This implies that 



^ -'Bp/^io) \ dR J \ dR 



2 . /o/_.+ /^^^2 'div-/R)'''^ 



where k = K{n,6) = G (0)1) (here C and c are as in inequalities (5.68) and (5.69)). By 

iterating this starting with p = 1/16, we obtain that 

2 / - / \ 2 



[ 

JBy 



< I R^"" ( "'^L"' 1 + R 



d{v+/R)y , ^2.^(d{v-/R) 



dR \ dR 



1/16(0) 

for every j = 1, 2, . . . . Combining this with inequalities (5.68) and (5.69), we have 



(5-70) f ^1 / {v+ - If + {v- - If < Ck^ [ {v+ - If + (-- 



V- - ly 



for all j. Now given any p G (0,1/16), there exists a unique non- negative integer j such that 
< p < and using (5.70) with this j gives 



p-'^-^ f {v+ - If + {v- - If < Cp" [ {v+ - If + (v- - If 

JBp{0) Jb j_/s{0) 



< Cp^ f {v+f + {v-f 



for all p G (0,1/16), where C = C(n, (5) G (0, oo) and v = u{n,d) G (0,1). (The last inequality in 
(5.71) follows from (5.67).) This is the desired estimate. □ 
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The preceding two lemmas imply the existence of a fixed positive "frequency gap" for the func- 
tions in T^. Specifically, we have the following: 

Lemma 5.9. Let S G (0, 1). There, exists a fixed constant z^o > depending only on n and 6 such 
that if V = G Fs, w = ^{v'^ — v~), z G ZyjD Bi/2{0) and either Mw{z) > 1 or z is a branch 

point of V, then Nw{z) > 1 + vq. 

Proof. Recall that Nw.z{p) = Ifr 2^'^ ■ Fix P ^ (Oj 1/2)- Then we have by the monotonicity 

d C 2 

of iVu, that '^Hays"-! ^^.'^ < (p\ for all a G (0, pi. Integrating this differential inequality (cf. 
Lemma 3.5) gives 

(5.71) / u? > (p^-n-2N^Ap) f ,A a^^-M 

Jb„(z) \ JdBp(z) J 

for all a G (0,p]. On the other hand, Lemma 5.8, applied with v'^{z + (•)) in place of v'^{-), implies 
that 

(5.72) c7-"-2 f w'^< Ca'' 

JBa{z) 

for all a G (0, 1/8). The estimates (5.71) and (5.72) readily imply that 

for all p G (0, 1/2). This gives Nw{z)>l + ^. □ 

Lemma 5.10. Let {v~^,v~) G Ts and w = ^{v^ — v~). Suppose z G Bi{0) and v~^{z) = v^{z). If 
J^w{z) = 1, then there exists a = a{z) > and two harmonic functions , : B^{z) R such 
that v'^\^^(^^^ = max{v^ ,v^} and 'y^lB^(^) = min{v^ ,v^}. 

Proof. This follows immediately from Lemma 5.9 and the definition of branch point. □ 



Proof of Theorem 5.1. Let v = (f+,u ) G JF5 and w = \{v^ — v ). Let S"^ = {z G -Bi(O) : 
2; is a branch point of v\. Then Sy is a relatively closed subset of i?i(0) by definition. Also by the 
definition of S^, if 2; G -Bi(O) \ Sy, then the graphs of decompose, locally near as the union of 
the graphs of two harmonic functions, and hence, the same is true over any open, simply connected 
subset Q, C. Bi (0) \ . This proves part (a) of the lemma. 

Part {h) follows by applying Lemma 5.8 to the function 3 (notation as in 3.29) and changing 
variables. Note that 3 E J^s- D 

Z, g 
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6. Improvement of excess relative to pairs of hyperplanes 

In this section, we prove the main excess decay lemma (Lemma 6.3 below) needed for the proof of 
Theorem 1.1. Roughly speaking, this lemma says that whenever a hypersurface M G lb satisfying 
G M and ^ (A^n(Bi(o)xR)) < 3 _ ^ fgj- gome fixed 5 G (0, 1) is sufficiently L^-close, in the cylinder 
Bi(0) X R, to a pair of affine hyperlanes of R"'"'"^ — i.e. has small height excess relative to a pair 
of affine hyperplanes — then, at one of three possible smaller scales, it is closer by a fixed factor 
to a new pair of affine hyperplanes; i.e. the height excess improves. By iterating this result, we 
shall prove in the next section our main regularity theorem. Theorem 1.1. The principal quantity 
we are interested in keeping track of that measures the height excess of M at scale p G (0, 1) and 

that is improving is Em {p, P) = ^p-"-2 Jj^^^^^ (o)xR) dist^ {x, P), where P denotes a pair of affine 

hyperplanes. However, in the proof of Lemma 6.3 (see case (a) of the proof), we need to make sure 
that the "sheets" of M separate whenever this excess is significantly smaller than a certain "coarse 
excess," which measures the deviation of M from a single affine hyperplane. In order to achieve 
this, it is necessary to modify the definition of the improving quantity and consider the sum of 
E"^ {p, P) and a quantity that measures the squared L^-distance of P from M (see the statement 
of Lemma 6.3 for the precise definition of this quantity). The main point that necessitates this 
is simply that smallness of Em (p, P) alone need not imply separate closeness of the "individual 
sheets" of M to each of the two affine hyperplanes that make up P; M may consist of two sheets 
both of which are close to the same single affine hyperplane of P. 

In the proof of Lemma 6.3, we shall need the elementary facts asserted in Lemmas 6.1 and 6.2 
below. But first we need to recall/introduce some notation we shall use in this section and the 
next. The purpose of the items (1) through (6) below is to fix notation that will enable us to define 
in a convenient way the "second term" of the improving quantity of Lemma 6.3 referred to in the 
preceding paragraph, and facilitate statement and proof of Lemma 6.3. 

Fix S e (0, 1). Let pe [0,1], M elb and suppose that G M and ^" ^^^1^ """"^ < 3 - S. 

(1) A{M,p) denotes the set of affine hyperplanes L of R"'+-'- satisfying L D (-Bi(O) x R) C 
{(a;',x"+i) G R"+i : |a;"+i| < 1/8} and 

Em{p, L) = f dist^ (x, L) < ^ inf p-"-^ f dist^ (x, L'), 

where the inf is taken over all affine hyperplanes L' of R""*"^ satisfying L' n (-Bi(O) x R) C 
{(a;',a;"+i) G R"+i : < 1/8}. 

(2) Given an affine hyperplane L of R"+^ with Ln(5i(0) xR) C {|a;"+i| < 1/8}, let 7^ (M, L, p) 
denote the set of regular values t G (1/4, 1/2) of the function g{X) = 1 — {i'{X) ■ v^)"^ 
M, satisfying 

je-^ (M n (^3^/4(0) X R) n {X : g{X) = t}) < CEj, {p, L) 

where v, are the unit normals to M, L respectively, and C = C{n) is the constant as in 
inequality (3.6). Note that TZ{M, L, p) contains infinitely many numbers (see the argument 
of [SS81], p. 753.) 
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(3) Given affine hyperplanc L of R"+^ with L n (5i(0) x R) C < 1/8} and t e 
TZ{M, L, p), and assuming Em (p, L) <e where e = e(n) G (0, 1) is a sufficiently small fixed 
constant depending only on n, let G^^'^\p) denote the graphical part, relative to L, of 
M n (^3^/4(0) X R) chosen in the sense of [SS81]. (See item (2) of the discussion at 
the beginning of Section 3.) Here qi denotes a rigid motion of R"+^ with qL^cbi) = and 
qL{L) = R" X {0} where is the nearest point of L to G R""*"^. Thus, for any given radius 
p G (0, 1] and choices of an affine hyperplne L with L n (-Bi(O) x R) C < 1/8} and 

t G TZ{M, L, p), provided Em {p,L) < e, G^^'^\p) is uniquely determined, and is the union 
of two Lipschitz graphs over a domain C L with Lipschitz constants < 1, and moreover, 

(6.1) ((M \ n ql' {B^p/M X R)) < C{Em{p, L)f+^, 

where C = C{n) and ^ = /u(n) are fixed positive constants depending only on n. (However, 
we remark here that in the proof of Lemma 6.3, we do not need such precise control of the 
size of the complement of G^^'*\p) as is given by the estimate (6.1); all we need is that 

*^ ^P) n-dimensional measure larger than a fixed fraction of the measure of 5^/2 (0) • 
See Lemma 6.1 below.) 

(4) Given affine hyperplanes L, f7ofR"+^ with Ln (Bi(0) x R) C < 1/8}, C/n(5i(0)x 
R) C {|a;"+^| < 1/8} such that Em {p,L) < e (e as in (3) above), and t G n{M,L,p), let 

(M,L,t,p) = C7n7r-i(7rG£'*)(/9)). 

Given L as above and a pair of affine hyperplanes P = Pi U P2 of R""*"^ (with Pi, P2 affine 
hyperplanes of R"+^) such that Pn (Pi(0) x R) C < 1/8}, define 

P*(M, L, t, p) = Pt (M, L, t, p) U P2* (M, L, t, p). 



(5) If P = Pi U P2 is a pair of affine hyperplanes of R"+^ (with Pi, P2 affine hyperplanes) such 
that Pn (Si(0) x R) c < 1/8}, we set, for r G (0, 1/2), Sp{t) = {x G R" x {0} : 
dist(x,7r(Pi n P2)) < r} if Pi and P2 are distinct with tt (Pi n P2) n Pi/8(0) ^ 0, and 
Sp{t) = otherwise. 

(6) If U is an affine hyperplane of R"^^, we shall denote by U'^ the hyperplane obtained by 
translating U parallel to itself. If P = Pi U P2 is a pair of affine hyperplanes, with Pi, P2 
affine hyperplanes, then we shall let = Pi U P^. 

Lemma 6.1. Let S G (0,1). There exist constants c\ = ci{n,8) G (0, 00), C2 = C2(n, 5) G (0, 00) 
and Co = Co('^)<^) G (0)1) such that the following is true. If M E T^,, ^ (Mn(Bi(o)xR)) < 3 _ 
L G A{M, 1), t G 7^(M,L, 1), Em (1,-C') < 1, P = P+ U P" is a pair of affine hyperplanes with 
distn (P n (Pi(0) X R), Bi{0)) < Co and 

[ dist^ {x, P)+ f dist^ (x, g£' (1)) < Co^I^ (1, L) 

JMr\{Bi (0) X R) JP*n{(Bi/2 {0)\Sp (1/16)) X R) 

where P* = P*{M, L, t, 1), then 
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ciEm (1, L) < sup5^(o) - P I < C2 Em (1, L). 



Proof. Note first that it follows from the conditions 

distw (Pn (5i(0) X R),Si(0)) < Co, 

/ dist2(x,P) <Co 

JMn{Bi(0)xR) 

and the triangle inequality that /Mn(Bi(o)xR) l^""*"^!^ ^ C(^0, where C = C{n), so that by the 
definition of A{M, 1), we have that 

(6.2) Em{1,L)<^CCo. 

Thus, if Co = Col'^) is sufficiently small, 7^ 0, and in fact by the estimate (6.1), 

(6.3) W"(Gi5'*)(l) n (i?v2(0) X R)) > Q)" . 

To see the lower bound of the asserted inequalities in the conclusion of the lemma, let U = 
graph ^(p"*" + p~)- Then, by the definition of Em{^, L) and the triangle inequality, we have that 

(6.4) \em{1,L) < [ dist2(x,i7) 
^ JMn{Bi{0)x'R) 



(6.5) ^ 2 / dist^ (a;,P) + csup|p+ 

iMn(Bi(0)xR) 

where c = c(n). Provided we take Co < 1/4, the lower bound follows directly from this since 
/Mn(i3i(0)xR) "^ist^ (x,P) < (,oEm{1,L) by hypothesis. 



To see the upper bound, we argue by contradiction. If the assertion is not true, then there exist 

. , wi 

affine hyperplanes Lk with Lk n (Bi(0) x R) C < 1/8} and 



a sequence of hypersurface G lb, k = 1, 2, 3, ... , with (Mfcn(Bi(o)xR)) ^ 2, — 5, a, sequence of 



(6.6) El= [ dist^(x,Lfc) < -infz,/ f dist(x,L') 

JMfcn{Bi(0)xR) 2 JMfcn(Si(0)xR) 

where for each fc, the inf is taken over all affine hyperplanes L' satisfying L' n (-Bi(O) x R) C 
< 1/8}, a sequence of numbers G '7?.(Mfe, L^, 1), a sequence = P^ U P^ of pairs of 
affine hyperplanes with 

(6.7) dist^f^ (Pfe n (5i(0) x R), Pi(0)) ^0 as A; ^ 00 and 

(6.8) / dist' (x, Pfe) + / dist" (x, Gfe) < \eI 

JMfcn(Bi(0)xR) 7P*n((Bi/2(0)\SpJl/16))xR) ^ 

and yet, for each k, 
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(6.9) supB^(o) \pl -Pk\> kEk. 

Here we are using the abbreviations Gk = G^^j'^'^''\l) and = P^{Mk, Lk,tk,l). Note then by 

(6.2), Ek -> 0, and by (6.7) and (6.8), Mk n {Bi{0) x R) ^ Bi{0) x {0} in Hausdorff distance. 
Consequently, L^. R" x {0}. Note also that by (6.3), 

(6.10) {Gk n (Bi/2(0) X R)) > Q 

for all sufficiently large k. Let v G L2(Bi(0);R2) n VFj^f (Si(0); R^) be the blow-up, in the sense 
of Section 3, of by Ej^. In view of Proposition 3.3, part (2), it follows from (the bound on the 
first term on the left hand side of) (6.8) and (6.9) that v'^ = = I for some affine function I. 
Indeed, if we write Pk = -Pj^^^ U P'^'' where P^\p^^ are affine hyperplanes, and define functions 
P'k^ ' P'k^ '■ ^ {^} by P^^ = graph p^'^ ,i = 1,2, then, after possibly passing to a subsequence, 

I = limfe^oo {Pk^ - 4>k)/Ek or I = limfe^oo {Pk^ - (t>k)/Ek where ^fc : R'* x {0} ^ R is such that 
Lk = graph (^fe. (The existence of one of these two limits, is guaranteed by Lemma 3.3, part (2) and 
the bound on the first term on the left hand side of (6.8).) By relabeling if necessary, we assume 
that / = limfc^oo {Pk^^ ~ 4>k)/Bk- Note then that by (6.9), 

(6.11) hm (pf -(^fe)(x)/4 = oo 

for each x G ^R" x {0} \ n^^{x : p^k\^) ~ Pk\^)}) ^^^^ l^-^) ""^ particular says that 



/ 



(6.12) 1^^^ d\st^{x,Gk)<-El 



1 

i/2{0)\5p^(l/16))xR) ~ k 

If we let Lk = graph {(f>k + Ekl), we have 



(6.13) / dist2(x,Lfe) < 

iMfen(Bi/2(0)xR) J-0 

for infinitely many k, which implies by the triangle inequality that 

(6.14) / dist2(a:,P«)<i42 



for infinitely many k. Now let Gk = {x eGkO (^1/2(0) x R) : dist (x,PjJ^^) < ^J^Ek}- Then 
by (6.14) and (6.10), 

(6.15) n^(Gk)>\un(^l 

Since Gk is the union of two Lipschitz graphs with Lipschitz constants < 1, for any x = {x', a;"+^) G 
TrGfc X R, dist(a;, Gfc) is bounded below by a fixed positive constant times the "vertical distance" 

min{|a;"+i - - : (x',<+^), (x',y^+^) G Gk}. Moreover, by (6.15), (pf n 

((^1/2(0) \ S'pfe(l/16)) X R)) > C = C(ra) > which, in view of (6.9), contradicts (6.12). This 
completes the proof of the lemma. □ 
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Lemma 6.2. Let 6 G (0,1), r] € (0,1) and c\ G (0, oo) 6e given. There exists a number ^ = 
({n, 5, 77, ci) G (0, 1) such that the following holds. If P = P"*" U P~ is a pair of affine hyperplanes 
ofKT''^^ with supB^(o) ~ P~\ ^ and v = {v'^,v'~) G J^s satisfies 

/ dist^{{x,v+{x)),P) + dist^{{x,v~{x)),P) 

JBiiO) 

+ / dist2((a;,p+(a;)),F) + dist2((x,p-(x)),l^) < C 

./Bi/2(0)\5p(1/8) 

where V = graph U graph i/ien 

/ {v+ -p+f + {v- -p-f <ri. 

Proof. If the assertion is false, then there exist numbers 6 G (0, 1), rj G (0, 1), ci G (0, oo), a sequence 
of functions V}- = {v^^'^k) ^ -^S and a sequence of affine hyperplanes Pk = {P^,Pj^) of R""^^ such 
that 

(6.16) sup \p'^ ~Pk \ — '^1 a^*^ 

Bi(0) 

/ dist^ {{x, v+{x)), Pk) + dist^ {{x, v-{x)), Pk) 
JBi{0) 

(6.17) + / dist^ ((a;,p+(x)), Vfe) + dist^ ((a;,p^(x)), Vfe) < ]■ 

./Bi/2(0)\Sp,(1/8) ^ 

where I4 = graph U graph v'^ , and yet 

(6.18) [ {v+-pt)' + {v;-p^)'>v 

for all = 1, 2, 3, ... . After passing to a subsequence, we have by Lemma 3.1 that Vk v for some 
V e J^Si where the convergence is in VF^'^(i?i(0); R^), and that Pk ^ P for some affine pair of 
hyperplanes of R"+-'^ satisfying sup^^ (q) \p~^ ~ P~\ ^ ■ Note that since v"^ are bounded in Bi (0) 
(by Proposition 3.3; part (3) says |fp is subharmonic in ^3/2(0), and the mean value property 
and part (2) say is bounded in -Bi(O)) and continuous (by Proposition 3.10), (6.17) says that 
v'^ = p+ and v~ = p~ on -Bi(O). This immediately contradicts (6.18) for sufficiently large k. □ 



Lemma 6.3. Let 9 G (0, 1/16), /3 G (0,6'/16) andje (0,/?/16). Let S G (0, 1). There exist numbers 
Co = eo('^, ^, /3, 7) £ (0,1/2) and A = X{n,S) G (0,1) such that the following is true. Suppose 
M GXb, G M, pG (0,1], 



n {Bp{0) X R)) 



< 3 — S and 



p-"-' / dist2(x, P) + p-"-2 /" dist^ {x, (p)) < eo 

^Mn(Bp(0)xR) JP*n((Bp/2(0)\5p(p/16))xR) 

/or some affine hyperplane L G yl(M, p), number t G TZ{M, L, p) and some pair of affine hyperplanes 
P o/R"+^ satisfying dist>^ (P n (i?i(0) x R),Pi(0)) < eo. Here we have used the notation P* = 
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P*{M, L, t, p). Then there exists a pair of affine hyperplanes P, an affine hyperplane L and a number 
te (1/4,1/2) such that 

(1) (P n {Bp{0) X R), P n (Pp(0) X R)) 

\ JMn{Bp(0)x-R) Jp*n(iBp/2(0)\Spip/16))xK) ) 

(2) dl^ (P^ n (Pi(0) X R),P^ n (Pi(0) X R)) 

<c(p-"-2 / dist2(x, P)+p-"-2 / dist2(x,G£'*)(p))) 

\ JMn(i3p(0)xR) Jp*n((iJp/2(0)\5p(p/16))xR) j 

and 

(3) one of the following options {A), (B) or (C) holds: 
{A) L e A{M, Op), te n{M, L, Op), 



JMn(Bep(0)xR) J P*n((Bep/2iO)\Spiep/l6))x-R) 

<Cie^lp-^-^ [ dist^Cx, P)+p-"-2 / dist^{x,G^^'^\p))], 

\ JMn(i3p(0)xR) JP*n((Bp/2(0)\Sp(p/16))xR) / 

where P* = P*{M,L,t,0p), and 

7^"(Mn(Pgp(o)xR)) ^ 

(S) L G ^(M,/?p), t G n{M,L,Pp), 



(/3p)— 2 / dist^ (x, P) + (/3p)-"-2 / dist^ (x, g£'*) iPp)) 

7Mn(S^p(0)xR) 7P*n((i3^^/2(0)\5p(/3p/16))xR) 

<C2/3Mp-"-^ / dist^ (x,P)+p— 2 / dist2(ar,G£'*)(p))), 

\ JMn(Sp(o)xR) Jp*n((Sp/2(o)\5p(p/i6))xR) y 



tw/iere P* = P* {M, L,t, (3p), and 

7^"(Mn(P^p(0) xR)) 

Wn(/3p)" 



< 3-(5. 
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{^p)-^-^ [ dist^ {x, P) + (7p)-"-2 / dist^ (x, Gg'^)(7p)) 

JMn(S^p(0)xR) Jp*n((i?^p/2(0)\5p(7p/16))xR) 

< C37^ ( P~"~' / dist^ (x, P) + p— 2 / dist^ (x, {p) 

\ JAfn(Bp(0)xR) Vp*n((Sp/2(0)\Sp(p/16))xR) 

w/tere P* = P*{M, L,t,jp), and 



7^^(Mn (P^p(O) X R)) 



< 3-5. 



iJere the dependence of the constants C,Ci, i = 1,2,3 on the parameters is as follows: C = 
C(n, S, e, (3, 7), C-i = Clin, 5),C2 = C2(n, 5, 9) and C3 = Csin, S, 6, f3). 

Proof. Note first that conclusion (2) follows from conclusion (1). Since the hypotheses and the 

conclusions of the lemma are scale invariant, it suffices to prove the lemma assuming p = I, 
and we shall make this assumption in what follows. Let {M^} C lb be an arbitrary sequence of 
hypersurfaces with G M^, 

(6.19) W(M.n(B.(0)xR))^3_,^ 

(6.20) / dist^ (x, Pfe) + / dist^ (x, Gu) \ 

JMkniBi (0) xR) Vp*n((Bi/2 {0)\Sp^^ (1/16)) xR) 

for a sequence of affine hyperplanes € A{Mk, 1), a sequence of numbers t^ G TZ{Mk, Lk, 1) and a 
sequence of pairs of affine hyperplanes P^ = P^UP^ (where P^,P^ are affine hyperplanes, possibly 
with P^ = P^), satisfying 

(6.21) dn {Pk n (Si(0) X R), Pi(0)) \ 0. 

Here we use the notation Gjt = g£^*^'*'=^(1) and P^f = Pj^(Mfc, Lfc,tfc, 1). Note that (6.20) and (6.21) 
imply that n (i?i(0) X R) ^ -Si(O) x {0} in Hausdorff distance, and hence by the triangle 
inequality that jM,.n{Bi{o)xn) 0- the definition of A{Mk, 1), it then follows that 

(6.22) Ek ^ 0, 

where we use the notation = Em^. (1, L^). This in turn says that dist>^ (M^ n (i?i(0) x R), n 
(Si(0) X R)) — 0, so that — R" x {0}. Note also that (6.22) in particular implies that for all 
sufficiently large k, 

1 /l^" 



(6.23) 7^" (Gfe) > -un 
and hence that 

(6.24) (P,* n (Pi/2(0) \ 5p,(l/16)) X R)) > ia;„ , 
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We show that for infinitely many k, we can find pairs of affine hyperplanes Pk, affine hy- 
perplanes and numbers tk G (1/4,1/2) such that the conclusions of the lemma hold with 
Mk, Pk, Lk,tk, Pk, L};,tk in place of M, P, L, t, P, L and t respectively, and with the constants 
C, Ci, i = 1, 2, 3 and A fixed depending only on the specified parameters as in the statement of the 
lemma. In view of the arbitrariness of {M/j}, this will prove the lemma. 

First notice that for any given r > 0, we have, since ^ 0, that for all sufficiently large k 
depending on r, {Gk n (5^(0) x R)) ^ 26j„r" and W ((M^ \ Gfc) n (5^(0) x R)) ^ 0, so that 
the last of the conclusions in each of the options (3) (A), (3)(i?) and (3)(C) hold with M^, in place 
of M for all sufficiently large k. It only remains to show that the other conclusions hold with M^,, 
Pk, Lk, tk in place of M, P, L, t respectively and with suitable choices of Pk, Lk and tk, in place 
of P, L and t respectively. 

Let C = C('^j^!<^) € (0) 1/8) be a small number to be determined depending only on n, 6 and 
5. We divide the rest of the proof of the lemma into two cases according to the following two 
possibilities, one of which must hold for infinitely many k: 

(") /Mfen(Bi(0)xR) (^'-^*:) + /p*n((Bi/2(0)\Sp^(l/16))xR) ^fc) < ^"^fc- 

(^) /Mfcn(Bi(0)xR) ^k) + /p*n((Bi/2{0)\5pj^^(l/16))xR) ^k) > C -E'fc- 

Suppose first that possibility (a) occurs. By Lemma 6.1, provided we choose C < Co = Coj where 
Co = Co('^) <^) is as in Lemma 6.1, we have in this case that 



(6.25) Pk = graph EkP^ + U graph EkPk ~ 

for infinitely many A;, with P^ = P°"*"UP°'~ (-P^ ^ = graph p^^) equal to a pair of affine hyperplanes 
satisfying 



(6.26) c,<sups,io)\pr -Pk\<C2, 

where ci = ci(n, 5), C2 = 02(11,6) arc the positive constants given by Lemma 6.1. Note that (6.25) 
and (6.26) say that the blow-up by Ek of a subsequence of the sequence {Pk} is a transverse pair 
of planes. So let P° = P°+ U P°~ be a subsequential limit of {P^} and consider the blow-up 
V = (f +, v~) of Mk by Ek- We have directly from the defining condition of case (a) and the identity 
(5.4) that 



dist^ {{x, v+{x)),P^) + dist^ {{x, v-{x)),P^) 

'B2/3(0) 

(6.27) +/ dist^{{x,p'^ + {x)),V) + dist^{{x,p'^-{x)),V) <CC 

7bi/2(0)\5po(1/8) 

where V = graph t;+ U graphs" and C = C{n,S). In view of the lower bound of (6.26), we then 
have by Lemma 6.2 that for any given rj G (0, 1), 



(6.28) 



/ (^+_p0 + )2^(^-_^0-)2<^ 

•''52/3(0) 
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provided C = Cin,d,r]) G (0, 1) is sufficiently small. 

We now separate the analysis of case (a) into two further possibilities depending on the nature 
of P°. Precisely one of the following must hold: 

{a){i} P°+ n P°- n (^^(O) X R) = or 
{a){ii) po+ n po- n (Pe(0) X R) 7^ 0. 

Suppose first that (a)(i) holds. Taking rj = r]{n,6,9) > in (6.28) sufficiently small, we see by the 
estimate of Proposition 3.10, part (5) and the fact that P°+ n P°- n (^^(O) x R) = that (6.28) 
implies, provided only that ( = ({n, 5, 9) is chosen sufficiently small, that we have Z^nP30/4(O) = 0, 
where w = ^{v~^ and Z^, is the zero set of w. By the remark following Lemma 3.9, this means 

that Mif. n (i?5)/2(0) ^ R-) embedded for all sufficiently large k, and hence by Schoen-Simon 
regularity theorem ([SS81], Theorem 1), n (i?e/4(0) x R) decomposes as the disjoint union of 

minimal graphs uj^\ uj^'' (over the affine hyperplanes P^ and P|). By standard elliptic estimates, 
we then have that 



(6.29) {aOy-^ [ dist2(x,Pfe) < CfT^e-"-^ /" dist^{x,Pk) 

for all a G (0, 1/4), where C = C{n) and P}~ is the union of the tangent planes P^, P| to uj^^ 

respectively at points Z^^^ G ui^\ zf^ G with Tr{zj^^) = for i = 1,2. Taking a = 13/9 in 
this, we conclude that 



(6.30) / dist^ (x, Pfc) < C20^ [ dist^ {x, P^) 

where C2 = C2{n,9). Note that by the definition of P^ and elliptic estimates again, it follows that 
(e/8)-2dist|, (Pfe n (Be/siO) X R), P, n (P^/slO) x R)) < ^ /jv,^n(i?,/4(o)xR) dist' (x, Pk) where 

C = C(n), which implies that distil (Pfen(Pi(0) xR), Pfcn(Pi(0) xR)) < C /M,n(Si(o)xR) ^ist^ i^^^k) 
where C = C(n, 9). 

Now for each k, take any G A{Mk, (3) and any G 7l{Mk, Lk,[5). Since /3~"~^ /Mfcn(B^(o)xR) 1^"' 
as fc — > 00 (by Hausdorff convergence) , it follows from the definition of A{Mk^f5) that Em^. {P, L^) —>■ 
as — 00, which in turn implies that dist>^ (Lfcn(Pi(0)xR),Pi(0)x{0}) ^ as A; ^ cxo. Thus, we 
have in the present case (i.e. case {a){i)) that GS^5^*'*'= V) n (P/3(0) x R) = {U^^^ UZ^f V (-6/3(0) x R). 
If we write U^^ n (-6/3(0) x R) = graph S^, where : P/3(0) ^ R, we have by (6.28) that provided 
C = C(",^,^) is suffciently small, for each x = (x',x"+i) G (Plf (= P| fl (P/3(0) x R)), 

dist(x,G£^*'^'=)(/3))<K+^-4(x')| < 2dist((x',4(x')),n) 

(6.31) = 2dist((a;',4(x')),Pfc) 
for i = 1,2, which implies that 
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(6.32) / dist^ (x, Gif'\(3)) < 4 / dist^ {x, Pk). 

J P*n{Bfj{0)xn) J A'hn{B^{0)xR) 

Thus, we conclude in case (a)(i) that for infinitely many k, the conclusions of the lemma hold with 
option {3){B), with M^, P^, L^, tk, Pk, and tk in place of M, P, L, t, P, L and t respectively 
and with A = 2. 

If (a)(ii) holds for infinitely many k, then we have 

/ dist^x, Pk) <C El 

JMfen(Bi(0)xR) 

for infinitely many k, where Pk is as in (6.25) with Pj^ = graphp^,^ U graphp^~ equal to a 
transverse pair of aflane hyperplanes satisfying (6.26) and P^+ n P^^^ n (-630/2(0) x R) / 0. Thus 
TT — a > ZP^ > a for some fixed angle a = a{n,S) G (0,7r). Let r G (0, 1) be arbitrary for the 
moment. Choosing the constant C = <^{n, 9, S,t) > so that, in addition to the restrictions already 
imposed upon ^, we also have 



(6.33) 




where eo = eo{n,5,a,69,T) is as in Lemma 4.1, we have by Lemma 4.1 (with a in place of oq, GO 
in place of 9 and 1^0,2/3 Mk in place of M) that for infinitely many k, either there exists a pair of 

hyperplanes Pk with 

dn (Pk n (5i(0) X R), Pfe n (fii(O) x R) < C / dist^ (x, Pk) 

JMfcn(Bi(0)xR) 

satisfying 

(6.34) 9-""-^ [ dist^ {x,Pk)<C 9^ [ dist^ (x, Pfe), 

JA4'fen(Be(0)xR) JMft,n(Bi(0)xR) 

where C = C{n), or that 

(6.35) / dist^ [x, L'k) < tEI 

7Mfcn(Bi/2(0)xR) 

for some affine hyperplane L'^. with dn {L'^ n (Pi(0) x R),Lfc n (Pi(0) x R)) < CEk, C = Cn). 
However, if (6.35) holds for infinitely many A;, we must have that 

(6.36) I {v+ - (!f + (y- - < T 

JBi/2(0) 

for some affine function i' : R" x {0} R, which contradicts (6.28) provided we choose r] = 
r]{ci) £ (0, 1) and r = t(ci) G (0, 1) sufficiently small depending only on ci (hence only on nand 
S), where ci is as in (6.26). Thus, provided ( = ({n,6,5) G (0,1) is sufficiently small depending 
only on n, 9 and 6, we must have the option (6.34) for infinitely many k. 
Next in this case, we check that 
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(6.37) / dist^{x,G^^f'\0))<4 [ dist2(x,P,) 

Jp*n((Be/2(O)\S^J0/16))xR) JMi,n{Be(0)xR) 

for arbitrary choices of G A{Mk^6) and tk € 7?.(Mfe, Ljt, 0). Reasoning as in case (a)(z) (see 
paragraph preceding inequahties (6.31)), we see that EM^, {d, Ly?) — > as — > oo, and by Lemma 4.1, 
part {b){iii), that 

G^^f'\9) n {{Bg/^iO) \ Sp^{e/W)) X R) = graph n+ U graph ^x" 

where £ C'^{Bg/2i^) \ Sp^{0/1())) (in fact u"^ solve the minimal surface equation), > , 
and d\st{{x',u^{x')\Pk) = d\st {{x' ,u^{x')),P^) > ^{u'^ix') - p^{x')\ for every x' G Bg/iiO) \ 
Sp^{6 /16), where = graph p^. Hence we have in this case for any x = (a;',x"+^) £ P^ H 
((%2(0) \ Sp^{0/m)) X R)(= Pk n ((%2(0) \ Sp^{e/W) x R), provided C = C{n,e,5) G (0,1) 
is chosen sufficiently small (so as to ensure that dist (x, graph «^) < dist (x, graph u^) whenever 
X e P*^ n ((%2(0) \ %(0/16)) X R)), that 

(6.38) dist {x,Gfjf'\9)) < 2dist((x',n±(x')),Pfc) 

for x G P^D ((i?e/2(0) \ Sp^iO/lG)) x R), where the sign it is chosen according to whether x G P^. 
This of course implies (6.37). Wc thus have in case {a){n), for infinitely many fc, the conclusions 
of the lemma with option (3)(A), with M^, P^, L^, tk, Pk, L^, in place of M, P, L, t, P, L, t 
respectively and with A = 2. 

It now remains to analyze possibility (6). We shall take = ({n,9,6) G (0,1) to be fixed for 
the remainder of the proof. If possibility (6) holds for infinitely many k, consider the blow-up 
V = {v~^,v~) of {Mfc} by the excess Ek off L^, as described in Section 3. (To be precise, since 
the excess is at scale 1 here, we are in fact applying the analysis of section 3 with 2/3-^fc i^i 
place of Mfc.) Thus v^,v^ G L^(i?i(0)) n W^^^ {Bi{0)) satisfy the asymptotic decay properties as 
given by Theorem 5.1. Let w = ^{v~^ — v~), and Z^j be the zero set of w. One of the following 2 
possibilities must occur: 

(6)(i) Either n i?2/3(0) = or = or Mw{z) = 1 for every z G Zy^f] ^2/3(0); i.e. v has no 
branch point in i?2/3(0). 

(6)(m) Zyj n -62/3(0) / 0, ^ and there exists a point z G ZyjC[ -82/3(0) with Mw{z) > 1; i.e. v 
has a branch point z G -82/3(0). 

If (5)(i) occurs, then by Lemma 5.4, the union of the graphs of v^, over -62^(0) is, locally near 
every point of .62/3(0)) the union of the graphs of two harmonic functions, and hence, since .62/3(0) is 
simply connected, the union of the graphs of , v~ over ^2/3(0) is globally the union of the graphs 
of two harmonic functions v^, : -62^3(0) R. Let i = 1,2 be the affine part of the Taylor 

series of around (i.e. Z*(x) = f*(0) + x ■ Dv^{0) for x G -62^(0)), let P^*^ = graph ((/j^ + E'^f) 

where = graph ipk and set Pk = P^^^ U pjf^ . Then 
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VMfcn(B^(0)xR) ^G;J:n(B-^(o)xR) 

+ 7~"~' / dist2(X,Pjfc) + 

JG-n(s^(o)xR) 

•^(%. 2/3 Mfc\{G'+UG-))n(S^{0)xR) 



"-2 / dist2((x,¥.fe(x)+V'fe<(x)),Pfe) + 
JBt,(0) 

Jb^(o) 



< C7 

'B^(O) 



+ C7"""^ / dist2((x,<^fc(a;) + -Efe^;+(x)),Pfe) + 
+ c7-"-2 / dist2((x,(/^fc(x) +Efc?;-(x)),Pfc) 



'B^(O) 



+ c 7-^-2 / dist2((x,<^fc(x) + Efci;i(x)),Pfc) + 

JBt,(0) 

Jb^{o) 

< c7-"-'g(4)^^ + cr^'-'El [ (v^ - l^f + 

Jb^{o) 

+ cj---^El f (v^ - + cj—^El+^ 
Jb^{<S) 

< cr^'-MmEi + cj'p—'Ei ( I {v^f + {v-A + 
+cr''-^Ei+>^ 

< cEl [r'^-^qm + 7'/9-"-' + 7-"-'4^) 



(6.39) 



A REGULARITY AND COMPACTNESS THEORY 63 

where q{t) ^ as i — > and c depends only on n and 5. It follows from this that for all sufficiently 
large k, 



7~"~' / dist^ {X, Pk) < Cj''p-^-^El 

(6.40) < C37' ( / dist^ {x, Pk) + [ dist^ (x, Gk) I 

\JMfcn(Bi(0)xR) 7p*n((Bi/2{0)\SPj^,(l/16))xR) / 

where C = C{n) > and we have set C3 = — , with = ({n, 9, 6) as in the definitions of cases 
(a) and (6), so that C3 = C^{n,5,0, f3). 

Notice next that by the definition of P^, we see that 

4 {h n (Bi(0) X R),Lfe n (Si(0) X R)) < CEl 
where C = C{n). On the other hand, it follows from the inequality 

C,El < [ dist^ {x, Pk) + / dist^ {x, Gk) 

^Mfcn(Bi(0)xR) JP*n((i?i/2(0)\5p^(l/16))xR) 
and the triangle inequality that 

4 {Lk n (5i(0) X R), Pfe n (Pi(0) X R)) 

<C I I dist^ {x, Pk) + I dist^ (x, G^) ) 

\J Mkn{Bi{0)xK) JPfc*n((Bi/2{0)\5p^(l/16))xR) / 

with C = C{n,9,S), and therefore, by the triangle inequality again, we have that 

4 {Pk n (Si(0) X R),Pfe n (5i(0) X R)) 

(6.41) [ dist^ (ar, Pk) + [ dist^ (x, Gk) ] 

\JMfcn(i3i(0)xR) Jp*n((i3i/2(0)\5p^(l/16))xR) / 

where C = C{n,9, 6). 

We next show in case {b){i) that for any choice of Lk G ^(Mjt,7) and tk G Tl{Mk, Lk,j), 



7-"-' / dist2(x,G£-*'=)(7)) 

Jp*n(S^/2(0)\Spj7/16))xR) 

(6.42) < C372 ( / dist^ (a;, Pk) + / dist^ (x, Gk) ] 

\iMfen(Bi(0)xR) Jp*n((Bi/2(0)\SpJl/16))xR) / 

where C3 = 03(11, 6, 9, P). For this, recall first that since are harmonic in i?2/3(0), we have the 
estimates sup^^^(o) — < ^^^f^~"''^ Ib2i3{0) I^'P' ^ ~ C'(n), so that by Proposition 3.3, part 
(2), we have that 

(6.43) sup \v' -l'\< r7^/3^ 

547(0) 

for i = 1,2, where F = F(n). Consider first the case when 



64 



NESHAN WICKRAMASEKERA 



(6.44) sup \l^ -f\>aTj^(3^. 

B4-y(0) 

where a > 1 is to be chosen depending only on n. In this case, if a > 68, the estimates (6.43) say 
that for each k, there is no point x G i?4^(0) \ Sp^{'-f/32) such that v^{x) = v'^{x), and hence by the 
argument of Lemma 3.9, it follows that for infinitely many k, H ((-63- (0) \ Sp (7/28)) x R) must 
be embedded. But then by Schocn-Simon regularity theorem ([SS81], Theorem 1), M^C] ((.627(0) \ 
S'p^(7/24)) X R) = graphs^ U graph where : ^27(0) \ Sp^{^/2A) — R are smooth solutions 

of the minimal surface equation in their domain, with > ^fc • Hence we have by elliptic theory 
the pointwise estimates 

(6.45) sup \ui-p^? < CT"" [ H-Pkf + K-Pkf 

B-yiO)\Sp^ (7/I6) -JBs^/^mSp^ (7/20) 

where C = C{n). Recall our notation that : Bi(0) — > R are such that graph = P^. Note also 
that by elliptic estimates again, supg^^^^(-Q-)\^5^ (7/22) l^'^fc I ^ as /c ^ 00 (since H (i?i(0) x 
R) -> Bi{0) X {0} in Hausdorff distance), and hence Affe n ((^37/2(0) \ S'p^(7/20)) x R) C Gfc 
for infinitely many k. (This follows from the way is defined.) Hence, E^^{u^ — (pk) — >■ in 
-^^(^37/2(0) \ £'''(7/18)), where (^jt : R" x {0} R, graph (p^ = and S"'(7/18) denotes the set 
{x G Bi{0) : dist(x,A) < 7/I8} with A = {/^(x) = l'^{x)}. Hence, by the estimates (6.43) and 

(6.45) , we have that 

(6.46) sup |S±-p^|2<2Ca;„rV/9"""'^fc 

B^(0)\5^^(7/16) 

where C = C(n) is as in (6.45). Thus, if a = a{n) in (6.44) is chosen sufficiently large, the 
estimates (6.46) imply, by exactly the same reasoning used to justify inequality (6.38), that for 
each x = {x',x''+^) G Pj^ fl (5^/2(0) \ 5^^(7/16)) x R), 

(6.47) dist(x,G^^^'*''=)(7)) < 2dist((x',S±(x')),Pfe) 

where the sign it is chosen according to whether x G P^. In view of the estimate (6.40), this gives 
(6.42). 

Suppose the condition (6.44) fails to hold. Note that we have 

(6.48) G^^f"^ (7) = graph u+ U graph u+ 

where : tt {g\I"j^'^''\^)) R arc Lipschitz with Lipschitz constant < 3/2 and > u^. From 
this we see that for x = (x',x"+i) G n ((.8^/2(0) \ S'pj7/16)) x R), 

dist(x,Gg^^'^'=)(7)) < min{|x'^+^-S+(x')|,|x"+^-S,(x')|} 

< 2disi{{x\u^{x')),Pk) + 2Ek\l\x')-l\x')\ 

(6.49) < 2dist((a;',S^(a;')),Pfc) + 2ar72/?"^^fc 
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where in the second of the inequahties here we have used the fact that are Lipschitz functions 
with Lipschitz constants < 3/2, and the sign zt there is chosen according to whether x G P^. By 
the estimate (6.40) and the defining property of case {b){i), we again have from this the required 
estimate (6.42). We have thus shown that in case {b){i), for infinitely many k, the conchisions of 
the lemma with option (3)(C) hold, with M^, P^, L^, tk, Pk, and tk in place of M, P, L, t, P, 
L and t respectively and with A = 2. 

Finally, suppose {b){ii) occurs, i.e. that there exists a point z G Z^r\B2i3 with J\f^[z) > 1. Then 
v~^{z) = v~{z) and by Lemma 5.8, we have that 

(6.50) p-"-2 / {v+ - l,f + {v- - < Cp'' [ {v+f + {v-f 

JBp{z) JBi(0) 

for some affinc function 1^ and all p G (0, 1/64). Here C = C{n,S) > and u = u{n,6) > 0. Now 
fix this z. We obtain from (6.50) that 

n+2 



P-"-' / {V-^ - Izf + - < f 1 + (P + kl)-"-' / {V+ - + {V- - hf 

JBp(0) \ P J JBp+\,^{z) 

(I I \ n+2 / I I \ f 

1 + ^ 1 + ^ p- / {v+f + {v-f 

P) \ P) Jb,{o) 

provided p + < 1/64. In particular, taking p = /3 in this and using the fact that z G ^2^(0), (so 

that 1 + J|l < 3) and since 3/3 < 1/64, we have that 

(6.52) /3— 2 / {v+ - + {v- - < CP^ [ {v+f + (v-f 

where C = C{n,d). With this, we can estimate as in (6.39) to conclude that if possibility {b){ii) 
occurs, then we must have that 



r"-' / dist^iX,Pk)<C/3^El 
J Mkn(B0(o)xn) 

(6.53) < 020" I [ dist^ (x, Pk) + f dist^ {x, Gk) ) 

\JMfcn(Bi(0)xR) ./p*n((Bi/2(0)\5pj^^(l/16))xR) / 

for all sufficiently large k, where P^ = graph ((/j^ + E^lz). Here C = C{n,6) is as in the estimate 
(6.52) and we have set C2 = ^ where ^ = C("><^)^) is as in the definition of cases (a) and (6), so 
that C2 = C2{n,d,e). 

Arguing exactly as in the proof of the estimate (6.41), we also have in this case that 

4 (Pfe n (Pi(o) X R), Pfe n (Pi(o) X R)) 

(6.54) < C ( / dist^ Pk) + I dist^ (x, Gk) ) 

\7Mfcn(Bi(0)xR) 7p*n((Bi/2(0)\Sp^(l/16))xR) / 

whereC = C7(ra,^,(5). 



66 



NESHAN WICKRAMASEKERA 



To complete the proof of the lemma, we now check in case {b){ii) that for any choice of G 
AiMk,P) andifc G7^(Mfc,Lfe,/3), 

7p*n(B^/2(0)\5^J/3/16))xR) 

(6.55) < C2(3'' I f dist^ {x, Pk) + [ dist^ {x, Gk) ) 

\iMfcn(Bi(0)xR) ^P*n((Bi/2(0)\Sp^(l/16))xR) / 

where C2 = C2(n, 5, 6*) is as in the estimate (6.53). But this follows directly from the pointwise 
estimate that for each x = {x',x"-+^) e D (-8^/2(0) \ Sp^{p/16)) x R), 

d\st{x,Gif'\(3)) < mm{\x^+^-ut{x%\x-+'-u-{x')\} 

(6.56) < 2min{dist((x',S+(x')),-Pfe),dist((x',S-(x')),-Pfc)} 

where are defined exactly as in (6.48) with P in place of 7. In the second of the inequalities 
above, we have used the fact that are Lipschitz functions with Lipschitz constants < 3/2, and 
that Pk is a single affine hyperplane. The required estimate (6.55) follows from this and the estimate 
(6.53). We have thus shown that in case {b){ii), for infinitely many k, the conclusions of the lemma 
with option (3)(i?) hold, with M^., Pj^, L^, t^, Pk, and in place of M, P, L, t, P, L and t 
respectively and with X = i/. This completes the proof of the lemma. □ 



7. Main regularity theorems 
We are now ready to prove Theorems 1.1, 1.2 and 1.4. 

Proof of Theorem 1.1. First choose 9 = 9{n,6) G (0, 1/16) such that Ci6''^ < 1/4, then choose 
(3 = (3{n,5) e (0,61/16) such that C2/3^ < 1/4, and finally choose 7 = j{n,S) G (0,;3/16) such that 
6*37^ < 1/4, where Ci, C2, C3 and A are as in Lemma 6.3. 

Suppose M satisfies the hypotheses of Theorem 1.1. Note first that since closeness of M 
to a hyperplane implies closeness in Hausdorff distance, the hypothesis /Mn(Bi(o)xR) ^ ^ 

implies that dn{Lon {Bi{0) x R),Bi(0)) < T(e) and /g^^^^g) dist^ (x, G^'*°^(l)) < T(e) for any 
Lq e A (M, 1) and any to G TZ{M, Lq, 1), where r(e) J, as e J, 0. Fix such Lq and to. 

In what follows, let us use the notation 
Q{p,P,L,t)=p-^-^ [ d\st\x,P) + p-^-^ [ dist2(x,G£'*)(p)). 

J Mn{Bp{0)x-R) ^P*n((Bp/2(0)\5p(p/16))xR) 

If e = e(n, 5) G (0, 1) is sufficiently small, by iterating Lemma 6.3 starting with P = PoequivW^ x 
{0}, L = Lq and t = to, wc get a sequence of pairs of affine hyperplanes Pj, a sequence of affine 
hyperplanes Lj G A (M, Q'^j phj'^j'^ and a sequence of numbers tj G TZ (M, Lj, Q^i ph^^j'^ satisfying 
at the jth iteration either 
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Qie^ifjh^^. , p.^ Lj^tj) < 4-ig(0'^^-i/3^^7"*^ L,_i, 

(7.57) < 
or 

Qi9>'^p'^j"\P„L„t,) < 4-lQ(^^^■/3^^-S™^P,_l,L,_l,^,■_l) 

(7.58) < 
or 

(7.59) < 4-^Qi 

where kj, Ij, rrij are non-negative integers with kj + Ij + rrij = j, Pq = x {0}, and 

Qi= [ / dist2(x,Gr'^°^'*^(i))- 

JMn(Bi(0)xR) ^Bi(O) 

Let us denote the sequence of scales so generated {sj}. Thus, for each j = 0,1,2, ... , sj = Q^o f^^i^'^j 
for some non-negative integers kj, Ij, rrij with kj + lj + mj = j, and, Sj+i = 9s j or j3sj or 75^. Then 
(7.57)-(7.60) may be rewritten as 

Q{^jiPji^ji^j) ^ Q{sj-\,Pj-\,Lj^i,tj-i) 

(7.60) < 4-^Qi. 
The lemma also gives us that 



dist^ {Pj n (5i(0) X R),Pj-i n (5i(0) X R)) < CQ(s,_i,P,_i,L,_i,i,_i) 

(7.61) < C^-^Qi 
and that 

dist^(P/n(Pi(0) xR),P/_in(Pi(0) xR)) < CQ{sj.i,Pj-i,Lj_i,tj-r) 

(7.62) < C4-^Qi 

where C depends only on n and 5. Thus, {Pj} is a Cauchy sequence of pairs of affine hyperplanes, 
and hence there exists a pair of affine hyperplanes P such that Pj — P. By (7.61), (7.62) and (7.57) 
respectively, we have that 

(7.63) dist^ (P n (Pi(0) X R), Pj-i n (Pi(0) x R)) < CA'^Qi, 

(7.64) distil (P^ n (Pi(0) X R), P/li n (Pi(0) x R)) < CA'^Qi, and 

(7.65) «7"~^ / dist2(x,P) < C4-JQ1 

JAfn(_Bsj(0)xR) 

where C depends only on n and 6. Note that (7.63) and (7.64) in particular say that 
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(7.66) dist^ (P n (Bi(0) X R), 5i(0)) < CQi and 

(7.67) distf^ (P^ n (Pi(0) X R), Pi(0)) < CQi. 

Now, given any p e (0, 1/8), there exists a unique j with sj+i < p < Sj. Since j < P < 9, this 
imphes that j^'^^ < p < 0^ , or, equivalently, that |^ > j > — 1- Hence, by (7.65), we conclude 
that 



/ dist2(x,P) < s^^f^ / dist2(x,P) 

JMn{Bp{0)x'R) JMn(Bsj(0)xR) 

= ii^y ^r-"l dist^(.,p) 



'Mn(Ss^.(0)xR) 

(7.68) < 

for all /? G (0, 1/8), where «; = — log 4/ log 7 and C depends only on n. 

Next observe that we can move the base point and repeat the entire argument leading to the 
estimates (7.66), (7.67) and (7.68). Specifically, for any given X G M n -63/4^(0)' ^^^^ 

7^" (M n Py/t^^)) ^ -^T/VC^)) + W'^((M \ G) n P7/^^(X)) 

" a;n(7/8)" 

< 2V2 + cp2+M 

(7.69) < 3-5/16 

provided e = e(n, (5) G (0, 1) is sufficiently small. Here G denotes the graphical part of Mn(P7/8(0) X 
R) as described in Section 3, C 57/3(0), : 17 ^ R are such that G = graph U graphs" 
and P2 = !Mn{B^{Q)xB.) K^^?, C = C{n,6) and = //(n). 

Thus, provided e is sufficiently small, we can repeat the argument leading to the estimates (7.66), 
(7.67) and (7.68), iteratively applying Lemma 6.3 with 5/16 in place of S and iJxj/wM in 
place of M and starting with P = f/x,7/i6 (R-" {0}) and arbitrary L G A{'qx,7/w M,l) and 
t G T^ivxj/ie ^^L, 1) to conclude that for every X G M n B!^^^{0), there exists a pair of affine 
hyperplanes Px such that 

(7.70) d2^(Px-Xn(Pi(0) xR),Pi(0)) <CQi, 

(7.71) d^ (Pj n (Pi(0) X R),Pi(0)) < CQi and 

(7.72) / dist2(x,Px)<Cp'^Qi 

J Mn{Bp{X'}xR) 
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for all p G (0, 1/8), where X' = vr {X). It follows from this that provided e = e{n,5) is sufficiently 
small, Mn(i?i/2(0) xR) is the graph of a 2- valued C^'*^ function. The proof of this claim is as follows: 

First note that by choosing e = e{n,6) sufficiently small, we may assume that M n (i?i/2(0) x 
R) C Mn 5^+^(0). For X G M n B!^+^{0), let Px be as in (7.70)— (7.72). Note that by (7.70), 

Px n 7r~^ {X') consists precisely of two (possibly coinciding) points X and X. Multiplying the 
inequality (7.72) by and letting p ^ 0, we see that for each X G Mn(Bi/2(0) xR), Mnvr"^ {X') = 
-PxHtt"^ {X') so that MHtt"^ {X') consists of (possibly coinciding) two points. Furthermore, (7.72) 
says that the two tangent planes to M at X and X are the two hyperplanes whose union is Px - Thus, 
in view of (7.71), we have that for each X G Mn{Bi/2iO)>c'R,), |j^i(X) — e„+i|, |z^2(X) — < CQi, 

where ui, 1/2 denote the (locally defined) upward pointing unit normals to M. (Thus, in case X = X, 
z/i(X), i'2{X) are the two upward pointing unit normals at X to the respective smooth sheets whose 
union is M fl B'^'^^{X) for some a > 0.) This means that 

(7.73) M n (^1/2(0) x R) = graph ■U+ U graph 

where : B1/2 \ 7r(singM) — >■ R are Lipschitz functions with it"*" > u~ and Lipschitz constants 
< CQi. The functions n"*", u~ then extend uniquely as Lipschitz functions u^, u~ : -61/2(0) — >■ R 
respectively, with the same Lipschitz constants, and we have that 

(7.74) M n (-61/2(0) X R) = graph U graph 

Now note that since M n (-61/2(0) x R) is a Lipschitz graph with Lipschitz constant < 1, it 

follows that Qi < CE"^ for some fixed constant C = C(n), where E = /Mn(-Bi(o)xR) ^^nd 

hence we may replace Qi with & in all of the above estimates. Note also that since G -W, the 
estimate for the Lipschitz constant implies the height bound 

(7.75) \u^{x)l\u-{x)\<CE. 

It now remains to show that the union of the two Lipschitz graphs in (7.74) is the graph of a 
single 2-valued C^'** function, with its C^'** norm bounded by a constant times E. We proceed as 
follows: 

Take any two points Xi,X2 G Mn(5i/2(0) x R) with X[ / X'2 and let r = By (7.72), 

we have that 

(7.76) (2r)-"-2 / dist2(a;,Px2) < Cr'^-E^ 
and hence, since Bj.{X[) C B2r{X2) it follows that 

(7.77) r-"-2 / dist^ {x^Px^} < Cr'^E^. 

J Mn{Br{X[}x'R.) 

Also by (7.70) and (7.71) we have 



(7.78) 



4 {Px, n (-61(^0 X K),Bi{X[)) < CE^. 
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This means that provided e = e(n, 6) is sufficiently small, we may use Lemma 6.3 exactly as it 
was used in the argument leading to (7.66) , (7.67) and (7.68) , with rjXi ,r M in place of M, rjXi , r 
in place of P of the lemma (which was taken to be the multiplicity 2 hyperplane corresponding to 
R" X {0} in the argument leading to (7.66), (7.67) and (7.68) above) to conclude that there exists 
a pair of affine hyper planes P'^^ such that 

(7.79) (pr)— 2 / dist^ {x, P'x,) < Cp^r-^-^ [ dist^ (x, Px,) 

J MnBpr{X[)x'R) J Mn{Br{X[)x'R) 

for all p G (0,1/8) and 

(7.80) 4 (PJ,^ n (5i(0) X R), Pj^ n (Pi(0) X R)) < Cr-"-2 / dist^ (x, Px,). 

J Mn{Br{X[)x'R) 

In view of (7.72) (with X = Xi), (7.79) implies that P^^ = Px^, and hence, (7.80) combined 
with (7.77) gives that 

(7.81) 4 {Pl^ n (5i(0) X R),Pl^ n (i?i(0) X R)) < CE^\X[ -x'^\- 

for all Xi, X2 G Af n (-80-/4(0) x R). This says that, in the notation introduced in Section 2, the 
2-valued function u : -81/2(0) — > T(R) defined by u{x) = {u'^ (x) ,u~ (x)} satisfies 

(7.82) g {Duixi),Du{x2)) < CE\xi - xar^^ 

for all xi,X2 G -81/2(0). i.e. that u is a C^'**/^ (-81/2(0)) function with |K||ci.«/2(s^y2(o)) — ^ '^^^ 
theorem is thus proved. □ 

Proof of Theorem 1.2: By Theorem 1.1, M D (-81/2(0) x R) is either the graph of a single C^'"^ 
function or the graph of a 2-valucd C^'" function n, with the appropriate estimate for the C^'° 
norm in either case. In case M n (-81/2(0) x R) is the graph of a 2-valued function u, we have 
that locally in a neighborhood Clx of any point x of the open set -81/2(0) \ vr (sing-M), u is given 
by two functions, each satisfying the minimal surface equation in Clx- Since H"'~^ (sing-M) = by 
assumption, -81/2(0) \7r (sing M) is simply connected, and hence MCi ((-81/2(0) \7r (sing M)) x R) is 
equal to the union of the graphs of two functions Si, ^2 : -81/2(0) \7r (singM) R each satisfying 
the minimal surface equation. But then by the removable singularity theorem of L. Simon [Sim77], 
ui, u-2 extend as functions ui, u-2, : -81/2(0) — R satisfying the minimal surface equation. □ 



Proof of Theorem 1.4: We argue by contradiction. Were the assertion false, there would exist 
a sequence of hypersurfaces G X^, A; = 1, 2, 3, . . . , with G -M^, 

(7.83, + 

such that for each fc, the conclusion of the theorem fails with Mj^ in place of M, 1/A; in place of a 
and with any choice of orthogonal rotation q of R""''^ and any choice of pair of hyperplanes P. By 
Allard's integer varifold compactness theorem, we obtain, possibly after passing to a subsequence 
of {k} which we continue to denote {k} that — > F as varifolds for some integer multiplicity 
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stationary varifold of i?2^^(0). 

First consider the case when, for a further subsequence of {k} which we shaU continue to de- 
note {A;}, there exist points Zk G Mk n -B"/^^(0) with (Zk) > 2 - 1/k. Then by (7.83), upper 
semicontinuity of density and the continuity of mass under varifold convergence, it follows that 

2 < &\\v\\ (0) < ^ ^^(!2^2"^^ — ^~ — ^' monotonicity formula, V must be a cone 

with 6||v|| (0) = 2. By Lemma 8.1, part (6) below, V must either be a pair of transverse hyper- 
planes or a hypcrplane with multiplicity 2. Thus for infinitely many k of the original sequence, the 
conclusions of the theorem hold, by Theorem 1.1 or Theorem 1 of [Wic], with Mfc in place of M, 
1/fe in place of a and a suitable choice of an orthogonal transformation q (which carries spt ||y|| to 
R'* X {0} in case F is a single hyperplane with multiplicity 2, or L = graph ^{p^ +P^) to R'* x {0} 
in case spt ||F|| = (J where = graph p*, i = 1,2 are transverse hyperplanes.) 

The remaining alternative is that there is a number p > such that for infinitely many k, 
Mk n Bp'^^{0) is an embedded stable minimal hypersurface of ^^''"■'^(O) (with no singularities since 
2 < n < 6). But then by Theorem 9.1 below, there exists a fixed number F > such that 

, . , r 

sup \Ak\ < — 
Mfens;+i(o) P 

where denotes the second fundamental form of and \Ak\ its length. If Uk denotes an oriented 
unit normal to Mk, then for X G Mk H B^J^iO) (where Mk is the connected component of Mk that 
contains the origin) and for any unit speed geodesic 7 of M from the origin to X, we have that 



\ukix)-ukm < f 

Jo 



Ti 

dt< — 
P 



where I is the geodesic distance from to X. Thus, \vk{X) — i'k{^)\ < 1/2 for all points X G 
MjfcnB"^''^(0) contained in a geodesic ball of radius ^ centered at 0, which means that there exists 

pi > such that for all suffciently large k, Mk n -6"+-'^ (0) is graphical over the tangent plane to Mk 
at 0. Hence for infinitely many k, the conclusions of the theorem hold again, with Mk in place of 
M, 1/fc in place of a and Qk in place of q, where qk is the rotation that carries the tangent plane 
of Mk at to R" X {0}. Note that the C^'" estimate of the conclusion of the theorem holds in this 
case by standard elliptic estimates. This completes the proof of the theorem. □ 

8. Compactness and decomposition theorems 

In this section we prove Theorems 1.3 and 1.5. First we need the following lemma in which we 
shall use the following notation. Given a p dimensional rectifiable varifold V = (S,0) in R^"*"^, 
where 9 is the multiplicity of V (see [Sim83] , chapter 4 for an exposition of the the theory of rec- 
tifiable varifolds), wc let V X R"-P denote the rectifiable varifold (S x BT-'V, di) of R"+^ where 
ei{x,y) = 9{x) for {x,y) G E x K'^-P. 



Lemma 8.1. (a) Suppose C is a cone with 0(||C||,O) < 3 belonging to the varifold closure of im- 
mersed, stable minimal hypersurfaces M of B2~^^{0) withH'^~^ (singM) = 0. If either (i) 2 < n < 6 
or {ii) n > 7 and C has the form C = Cq x R""*' for some p < Q, then C must be the sum of at 
most 3 (multiplicity 1 varifolds associated with) hyperplanes o/R""*"^. 
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(b) There exists a fixed number e G (0,1) such that if C is a cone with 0(||C||,O) < 2 + e be- 
longing to the varifold closure of immersed stable minimal hypersurfaces M o/i?2^^(0) satisfying 
H"'"^ (singM) < cx), and if either (i) 2 < n < 6 or (ii) n>7 and C has the form C = Co x R"~p 
for some p < 6, then C is equal to the sum of at most 2 (multiplicity 1 varifolds associated with) 
hyperplanes o/R""'"^. 



Proof. To see part (o), first recall the following two standard facts about any stationary cone W\ 
namely, that 9 (||VF||, X) < e(||VF||,0) for any X G spt||W|| and, that if 6 X) = Q{\\W\\,Q) 

for some X G spt||VF||, then spt is invariant under translations by elements of the line 

{tX : t G R}. In view of these facts, we may assume without loss of generality that 0(||C||, X) < 3 
for every X G spt||C|| \ {0}. If e(||C||,X) G {1,2} for every X G spt||C|| \ {0} then by Al- 
lard's regularity theorem. Theorem 1 of [Wic] and Theorem 1.1 of the present paper, it follows 
that spt ||C|| \ {0} is a regular, immersed submanifold, and hence J. Simons' theorem ([SJ68], see 
also [Sim83], appendix B) concerning the non-existence of non-trivial stable minimal hypercones 
of dimension < 6 (applied to the cross section Co in case n > 7 and C = Co x R"~^' for some 
p < 6) implies that C must be a union of hyperplanes. If there is a point X G spt ||C|| \ {0} with 
0(||C||,X) {1,2}, by taking a tangent cone to C at X, we produce a cone C singular at the 
origin having the form (after a rotation) C = Cq x R in case 2 < n < 6 where the dimension of 
the cross section Cg is one less than the dimension of C, or, in case n ^ 7 and C — Cq x R^ ^ 
for some p < 6, having the form Cq x R"~p+i where the dimension of Cg is one less than the 
dimension of Cq. If C has density 1 or 2 everywhere except at {0}, then the preceding argument 
tells us that it must be a union of hyperplanes, giving a contradiction. So it must have a singular 
point X' G spt ||C'|| other than the origin. Proceeding inductively, taking a tangent cone to C at 
X', we arrive at a contradiction after a finite number of steps. 

To see part (6), first consider the case when 0(||C||,O) < 2. In this case, we may write, after 
a rotation C = Cq x R"'"^ for some g < 6 so that Cq is a stable cone with @ (||Co||,0) < 2 and 
6 (||Co||,X) < 2 for every X G spt ||Co|| \ {0}. By taking successive tangent cones at possible sin- 
gular points away from the origin and using J. Simons' theorem as before, we immediately arrive 
at the conclusion in this case. 

To show the existence of an e as asserted in the lemma, we argue by contradiction. If there 
were no such e, then there would exist a sequence of cones C^, A; = 1, 2, ... in R""*"^ each occurring 
as the weak limit of a sequence of immersed stable minimal hypersurfaces M^^ j = 1,2,... of 
^2+^0) with (singMfc^) < oo for each k and j, such that 9 (||Cfe||,0) <2 + k-^ and with the 

(k) _ 

additional property in case n > 7 that each C^ has the form C^ = Cq x R" ^ for some p < 6, 
and yet Cfc is not a union of hyperplanes for any k. In view of the uniform mass bound (implied 
by the density hypothesis), we may extract a subsequence, which we will continue to denote C^. 
such that Cfc — > C for some cone C where the convergence is as varifolds. By continuity of mass 
under varifold convergence, we have that 6(||C||,0) < 2. Furthermore, in case n > 7, C has the 
form C = Co x R^^^. Hence by the discussion of the previous paragraph we have that C is either 
a single multiplicity 1 hyperplane or a pair of hyperplanes. Hence by Allard's regularity theorem, 
Theorem 1.1 of [Wic] or Theorem 1.1 of the present paper, we must have that for each sufficiently 
large k and each sufficiently large j (depending on k) M^. n B'^^^ifS) must either be a multiplicity 
1 C^'" graph or the union of two multiplicity 1 C^'" graphs or a single 2 valued (7^'° graph, with 
an interior estimate, in each case, for the C^'" norm of the function(s) defining the graph in terms 
of the norm of the function(s) over a larger ball. But this means that for all sufficiently large fe. 
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spt ||Cfc|| n B^~^ (0) must either be immersed or a equal to a 2 valued C^'" graph. In all cases, by 
taking the tangent cone at the origin (which on the one hand must be equal to the tangent plane(s) 
to the graph at the origin and on the other hand coincide with since is already a cone), we 
see that spt ||Cfc|| must be the union of at most 2 hyperplanes, contrary to the assumption. The 
lemma is thus proved. □ 



Proof of Theorem 1.3. First note that by Allard's varifold compactness theorem ([A1172], [Sim83]), 

we obtain a stationary integral varifold V of i?2^^(0) such that for some subsequence of {M^} 
which we continue to denote {M^}, we have Mjt V as varifolds. Next we claim that there exists 
a = a{n, 6) G (0, 1/2) such that 

(8.1) ^— i — ^-^<3-6/2 

for all k and all X £ Mk Ci 5^+^(0). To see this, fix any k and suppose that X e MkH Sjy+^(0). 
Then by the monotonicity of mass ratio, we have that 

7^"(Mfcni?rHx)) < ^"(Mfcni?ffl^|(o)) 

yn+1 



= + m 



< (i + i^i 



OUn(.l + \X\)^ 



(8.2) < {l + \X\r(3-6), 

which readily implies (8.1) provided X G n B'^~^^(0) for a suitable choice of o" = a(n,5) G 
(0, 1/2). It then follows that ^"(^P^Wnn^^^^^^^)) <3-d/2 for all X £ spt ||y|| n B^+\0), so that 
e (||V^||,X) < 3-6/2 for ah X G sptj|y|| n B^+^{0). Hence, if X G spt \\V\\ n B^+^{0) is a sin- 
gular point of spt n ^"''"■'^(O) and C is any tangent cone to F at X having, after a rotation, 
the form C = Cq x R""?* for some p G {1, 2, . . . , n}, then by Lemma 8.1, we must have, in case 
n > 7, that p > 7; otherwise, Lemma 8.1 says that C must be a union of hyperplanes, and since 
6 ( II C 11,0) = 6(||y||,X) < 3, it must either be a multiplicity 1 hypcrplane, a multiplicity 2 hy- 
perplane or a transverse pair of hyperplanes, in all of which cases, by Allard's regularity theorem, 
Theorem 1.2 of the present paper or Theorem 1 of [Wic], spt ||y|| would be a regular immersed 
submanifold near X, contrary to the hypothesis that X is a singular point. Hence, in case n > 7, 
Federer's dimension reducing principle implies that dim sing spt ||y|| fl i?^+^(0) < n — 7. In case 
2 < n < 6, Lemma 8.1 says that any tangent cone at any point X G spt ||F|| fl B"+-^(0) is either 
a multiplicity 1 hypcrplane, a multiplicity 2 hyperplane or a transverse pair of hyperlanes, so that 
X must be a regular point of spt ||V^||. 

It remains to show that when n = 7, sing spt lll^ll n -BJ+HO) is discrete. This follows by the 
standard argument. Were it not true, there exist singular points X and Xj, j = 1,2,..., of 
spt ||F|| n S^'+^O) such that Xj X for all j and Xj X. Let pj = \X - Xj\. Then after passing 
to a subsequence, rjx^pj F — ^ C, where C is a cone with singularities at the origin and at a point 

Y = limj^oo p. ^ € spt||C|| n S"" . (This last claim that F is a singular point of C follows 
from the appropriate regularity theorem — i.e. Allard's theorem, Theorem 1.2 of the present paper 
or Theorem 1 of [Wic].) But then since C is a cone, this means that the entire ray defined by 
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Y consists of singularities of C, which is impossible since in dimension n = 7, the singular set is 
0-dimensional. This concludes the proof of the theorem. □ 



Proof of Theorem 1.5: Let e = e(n) G (0, 1) be as in Lemma 8.1, part (6), and choose a = a{n) G 
(0, 1/2) as in the proof of Theorem 1.3 (i.e. via the estimate (8.2)), so that 6 (||F||,X) < 2 + e/2 
for all X e spt ||F|| n -6^+^(0). Let B be the set of branch points of spt |F|| n -B^+HO)- Thus 

B = {Z & singy n 5""'"^(0) : V has a (unique) multiplicity 2 tangent plane at Z}. 

Set S = singy n ^^+^0) \ B. Then singF n -B^+HO) = -Bu5', 5n5' = 0by definition, and by 
Theorem 1.1, S is relatively closed in spt fl S""'"^(0). By Theorem 1.2, it follows readily that 
if W""^ {B) = 0, then S = 0. To estimate the Hausdorff dimension of S", wc proceed as follows. 
Consider an arbitrary point Z G S. Let C be any tangent cone to V at Z. Then by the definition 
of S and Theorem 1 of [Wic], C cannot be equal to a pair of hyperplanes. Hence if 2 < n < 6, 
it follows from Lemma 8.1, part (6) that 5 = 0. If n > 7, Lemma 8.1, part (b) says that, after a 
rotation, C = Co x R"~^' for some p > 7. It then follows by the dimension reducing principle of 
Federer that 



(8.3) ^n-7+7 ^ 

for every 7 > 0. 

It only remains to show that S is finite when n = 7. To see this, suppose S is an infinite set. 
Then there exists a point Z G spt ||y|| PI B^ (0) and a sequence of points Zj G S with Zj 7^ z 
for each j, such that Zj Z as j ^ 00. Let rj = \Zj — Z\ and Vj = r]z,rj#y- Then after 
passing to a subsequence, Vj ^ C as varifolds, where C is a cone. Let Qj = rj\Zj - z). Then 
C,j G singV^ n S", and hence, after passing to a further subsequence, C,j ^ C ^ singC fl S". Now 
write singC n 5^+^(0) = U ^c, where Be is the set of branch points of C in 5"+^(0) (thus 
each point of Be. is a singular point of C where C has a unique multiplicity 2 tangent plane) and 
is the complement of Bq, in singC n i?^"'"^(0). Similarly, write singV^- n i?J+^(0) = By^ U Sy^ 
with Bvj,Svj having analogous meaning. Then (j G Sy^ since Zj G S. By (8.3), 



(8.4) W (5c) = 

for each 7 > 0. On the other hand, since C is a cone and z G singC n S", we have that {tC, : t > 
0} C singC. In fact, we must have that 



(8.5) {tC :t>0}nB^+\0)cSc. 

For if not, ^ G Be in which case C would have a (unique) multiplicity 2 tangent plane at and 
since V^- — C, by Theorem 1.1, it follows that for all sufficiently large j, spt is a 2- valued C^'"^ 
graph in some neighborhood of But this contradicts the fact that ("j G Sy - Hence we must have 
(8.5), but this contradicts the dimension estimate (8.4). This concludes the proof of the lemma. □ 
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9. Some further corollaries 

Theorem 9.1. Let 5 G (0,1). There exist positive numbers T and a depending only on 5 such 
that if 2 < n < 6 and M is a an immersed, stable minimal hypersurface o/Z?2^"'^(0) satisfying 
7^"-2(singM) = and ^^g^ < 3 - (5, then singM n B'^+^{0) = and 

where A denotes the second fundamental form of M and \ A\ the length of A. 



Remark: If M is assumed to be embedded, this result holds with mass bound arbitrary, and is 
due to R.Schoen and L. Simon [SS81]. In dimensions 2 < n < 5, provided we assume singM = 0, 
the result (for M immersed) holds with mass bound arbitrary, and is due to R. Schoen, L. Simon 
and S. T. Yau [SSY75]. 

Proof. Set cji = min {o"(l, S), . . . , (j(6, 6)} and a = cri/4, where cr(n, 5) is as in Theorem 1.3. Then 
it follows directly by taking Mfc = M in Theorem 1.3 that singM n B^^^{0) = 0, so we only need 
to prove the curvature estimate. 

If there is no such F, then for some n with 2 < n < 6 and some S G (0, 1), there exists a 
sequence {M^} of stable minimal hypersurfaces immersed in B2~^^{0) with G M^, satisfying 
7^"~^(sing Mfc) = (or we may assume sing n iJ"^^(0) = if we wish, in view of the preceding 

paragraph) and '^J'^S' < 3 — 5 for each A;, and yet there exists a point G PI ^"+■'^(0) for 
each k with 



(9.6) |Afc|(Zfe)^oo, 

where A]^ denotes the second fundamental form of Mk and \Ak\ its length. By Theorem 1.3, there 
exists a stationary varifold V of i?2^^(0) such that after passing to a subsequence, which we continue 
to denote {Mj^}, we have that — F as varifolds, and that spt nB"+^(0) = M where M is a 
smooth (i.e. having singM = 0) stable minimal hypersurface of i3"j^^(0); since varifold convergence 
implies convergence (of the supports of the weight measures) in Hausdorff distance, we also have 

that Z}^^ Z for some z G Mns;;" (0). But since M is a regular immersed hypersurface, and the 
density of M at X is < 3 - (5 for every X G M n B'^'^j^i^), the tangent cone to M at Z is either 
a multiplicity 1 plane, or a multiplicity 2 plane or a transversely intersecting pair of hyperplanes 
with Z belonging to its axis. Applying respectively Allard's regularity theorem, Theorem 1.2 or 
Theorem 1 of [Wic] , we conclude that there exists a fixed radius p > independent of k such that 
in each of these cases, for all sufHciently large k, we have that 

, , , C 

SUPMfcnB^+i(Z) \^k\ < — 

for some fixed constant C = C(n) independent of k. But this contradicts (9.6) 
thus proved. 



. The theorem is 

□ 



Theorem 9.2 (A Bernstein type theorem). Let 5 G (0, 1). Suppose 2 < n < 6, M is a complete, 

non-compact stable minimal hypersurfaces o/R""*"^ satisfying ^ ^^^^ — < 3 — 6 for all R> 0. 
Then M must be a union of affine hyperplanes. 
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Remark: This is a slight generahzation of the Bernstein type theorem in [Wic04c], which asserts 
the existence of a number e G (0, 1) such that the conclusion of the theorem is true whenever 
2 < n < 6 and ^"^^151+^(0) < 2 + e for all i? > 0. 



Proof. By Theorem 9.1, sup^n+i^Q^ \A\ < ^ for all R > 0, where cr > and F are independent of 
R. Let i? ^ 00. " □ 

The following result is an improvement of Lemma 1 of [SS81]. Note that our proof of it below 

uses the regularity theory; Lemma 1 of [SS81] on the other hand was used in proving the regularity 
theorem of [SS81], and it would be interesting to see if the result below has a proof independent of 
regularity theory. 

Theorem 9.3. Let p e (0, 4 + \/^Jn), A > and 9 G (0,1). There exists a constant C = 
C(n,p,A,9) such that if M is an embedded, stable minimal hypersurf ace of B^'^^ (0) with 'H^~'^ {sing M) < 
00 and W{M) < A, then 



f \A\P<c([ 1-iu-uo 



\ P/2 
i2 I 



for any unit vector vq G R""*"-*^. Here A denotes the second fundamental form of M and v the unit 
normal vector to M. 

The estimate continues to hold if M is immersed provided A = a;„(3 — 5) for some 5 G (0, 1) and 
(sing M) = 0. 

Proof. We argue by contradiction. If the estimate were not true for some A, p G [4, 4 + y^S/n) 
and 9 G (0, 1), then there exists a sequence of stable minimal hypersurfaces of ^"''"''^(0) with 
W(Mfe) < A and 

(9.7) / W>kl[ i_(^,.^„fc)2 

where are unit vectors in R""*"^. Note that under the assumptions of the theorem, 7-^"-7+7 ^gjj^g j^^^ _ 
for each 7 > 0, which follows from Theorem 3 of [SS81] in the embedded case, and from Theo- 
rem 1.3 above in the immersed case. By Schoen-Simon-Yau integral curvature estimate (which was 
originally proved for smooth, stable hypersurfaces but continues to hold for stable hypersurfaces 
M with singularities provided '^"'^^(singM) < 00, as can be seen using an easy cut-off function 
argument), we have that 



(9.8) / 

Jm 



iM^nB^+\o) 

where C is a constant that depends only on n, p, A and 9. From (9.7) and (9.8), it follows that 



M2 ,o_ 



(9.9) / l~ii^k-4? 

Since mass of is uniformly bounded, Allard's compactness theorem says that after passing to a 
subsequence, —>■ V for some stationary varifold V of B'^^^O), and (9.9) says that V must be a 
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hyperplane (with some positive integer multiplicity.) Let us assume without loss of generality that 
this hyperplane is R" x {0}. Now in case Mk are embedded, by Schoen-Simon regularity theorem, 

this means that for all sufficiently large k, n (-B1+9 (0) x R) decomposes as the (disjoint) union 

2 

of graphs of mfe functions : 5i+e(0) — R, 1 < i < m^, (with bounded independently of k 

by a number depending on A), each solving the minimal surface equation. In the immersed case 
under the stronger mass bound, by Theorem 1.2, the same conclusion holds with m/j < 2. 

Now let Lfc be the hyperplane determined by the unit vector z/q, and 1^ : x {0} ^ R be 
the linear function whose graph is L^. (Note that • e"+^ 1.) Then u,^ — Ij^ solves an elliptic 

equation over i?i+s(0), and so by elliptic estimates, we have a constant C = C{n,9) such that 

2 

suPi?i+3fl (0) l^^^^l ^ C\\Duf-Dlk\\L2(B^{0)) andsup5^^^(o) \Duf-Dlk\ < C\\Du^-Dlk\\L2(Bs/^(o)) 

for each i. But this means that supf^^^^n+i^Q-^\Ak\ ^ ^ /Mj,nB"+^(o) -'■ ~ (^'^ ' ^0)^) where C = 
C{n,A), which contradicts (9.7). □ 
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